CLASSIFICATION OF THREE-DIMENSIONAL 
EXCEPTIONAL LOG CANONICAL HYPERSURFACE 

SINGULARITIES I 
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Abstract. In this paper the three-dimensional exceptional 
strictly log canonical hypersurface singularities are described and 
the detailed classification of three-dimensional exceptional canoni- 
cal hypersurface singularities is given under the condition of well- 
formedness. 



Introduction 

One of the main problems in log Minimal Model Program is the 
study of appeared extremal contractions (singularities), i.e. contrac- 
tions /: {X,Dx) {X',Dx'), where —{Kx + Dx) is /-ample divisor 
and p{X/X') = 1. For the three-dimensional varieties this problem is 
completely open except the classification of Fano manifolds obtained 
by V. A. Iskovskikh at the end of 70th. In solving this problem one 
of the main difficulties is the absence of geometrical description of sin- 
gularities. The first step in Fano manifold classification is to find a 
"good" divisor in the anticanonical linear system | — Kx\- The exis- 
tence of a "good" divisor for extremal contraction allows to understand 
the contraction structure (example p.2|) . Therefore the main problem 
discussed in this paper can be formulated as the follows: 

Problem 0.1. To find a "good" element in the multiple anticanonical 
linear system for a variety, extremal contraction or singularity. 



Example 0.2. 1. Consider a small extremal contraction of three- 
dimensional terminal variety. Then the existence of a divisor with 
Du Val singularities in the linear system | — 2Kx \ implies the fiip 
existence 0. 

2. If an extremal contraction of three-dimensional terminal variety 
is a conic bundle then the existence of a divisor with Du Val 
singularities in the anticanonical linear system | — Kx\ allows at 
once to obtain the complete local classification [|16 . 
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The presence of a "good" element is closely connected with the other 



problems, for example with the automorphisms of K3 surfaces |2^, 1.12] 
and with the gorenstein indexes of strictly log canonical singularities 
(see example pTsp. 



m 



Recently V. V. Shokurov gave the approach to solve the problem |0 
It consists of two parts: 



1. The first idea is an inductive transfer from n-dimensional varieties 
to {n — l)-dimensional ones. 

2. The second idea is to separate the varieties to the exceptional and 
nonexceptional ones. 

Shortly, the first step is the following. First of all one have to 
find some divisor 5* on X or on some blow-up of X such that pair 
{S, DiSs{Dx)) is kh and -{Ks + 'DiSsiDx)) is ample. Then a "good" 
element of this pair can be extended to a "good" divisor of Kx on X. 

In studying varieties, extremal contractions, singularities the excep- 
tional phenomenon study importance follows from the following obser- 
vation: 

1. If a variety or extremal contraction or singularity is nonexcep- 
tional then the linear system | —nKx\ must have a "good" mem- 
ber for small n. For example, we can take n G {1,2} for the 
two-dimensional singularities 5.2] and n G {1,2,3,4,6} for 



the three-dimensional singularities [^, 7.1]. 
2. The exceptional singularities are "bounded" and can be classi- 
fied. For example, in this paper it will be checked that the three- 
dimensional exceptional hypersurface singularities have the finite 
number of types. 

Generally speaking, the regular (nonexceptional) extremal contrac- 
tions (singularities) can not be completely classified even in the dimen- 
sion three (for example, in it was shown that it is impossible to 
enumerate all normal form equations of the three-dimensional terminal 
hypersurface singularities, which are the very simple three-dimensional 
singularities). On the other hand, the existence of small index com- 
plement allows to separate the extremal contractions (singularities) to 
the families with common properties. 

The exceptional extremal contractions (singularities) can be com- 
pletely classified but they can have the large minimal complement in- 
dex. 



In |]T8[ it was proved that the exceptionality remains valid after an 
inductive transfer and conversely, if {S, DiSs{Dx)) is exceptional then 
{X/Z, Dx) is exceptional too. Therefore it became possible to speak 
about the inductive method of the algebraic variety classification. 
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This paper is devoted to the apphcation of the inductive method to 
the hypersurface singularities. In this paper the three-dimensional ex- 
ceptional hypersurface singularities are classified. For this purpose, at 
first the corresponding quasihomogeneous parts are described, then the 
purely log terminal blow-ups are constructed. Next the log Del Pezzo 
surfaces obtained are investigated on the exceptionality. In particular, 
the minimal index of complements is found for every singularity. 

Also the description of three-dimensional exceptional strictly log 
canonical hypersurface singularities is given. 

Main theorem. Let {X, 0) C (C, 0) be a three-dimensional excep- 
tional canonical {respectively strictly log canonical) hypersurface singu- 
larity defined by a polynomial f . Then there exists a biholomorphic 
coordinate change ip\ (C'^, 0) {^t,z,x,yy 0) ^'^^ unique primitive vector 
p G Nk such that just one of the following two possibilities holds: 

1. The quasihomogeneous polynomial fp = {f °ip)-p defines an excep- 
tional canonical {respectively strictly log canonical and canonical 
outside 0) singularity (Xp, 0) C {'Ct,z,x,y^ 0)- ^^^^ ^'^^^ p-blow-up 
ofC^ induces purely log terminal blow-ups ({>: (Y, E) — * (X, 0) and 
ipp-. {Yp,Ep) ^ (Xp,0), where (E,Diff,,(0)) = (Ep, Diffs^(O)). 
That is, these singularities have the same type and in particular 
the same complement index. 

The canonical singularities satisfying the condition of well- 
formedness — Diff^/p(p)(0) = are classified in the theorems 
^.24 , \3. 2di and in the tables of chapter The polynomial fp; 
{E,DiSE{0))i minimal complement index are written in the ta- 
bles. 

The strictly log canonical and canonical outside quasihomo- 
geneous singularities are always exceptional {in any dimension) 
by theorem \2.1^ . In the three-dimensional case 015^(0)) = 
{fp C P(p), 0) is K3 surface with Du Val singularities and (X, 0) 
is 1- complementary. 
2- fp = t^ + qH^i ^1 y)> where g2 is an irreducible homogeneous poly- 
nomial of degree two. In this case the purely log terminal blow-ups 
are constructed in the theorems and \3.d[ . Also it was obtained 
the similar classification depending on the type of jets f^ and f%. 

For the non-degenerate strictly log canonical singularities it was 
proved that they are exceptional if and only if they have purely el- 
liptic type (0, (i — 1), where c? is a dimension of the singularity 0]. Also 
for every non-degenerate strictly log canonical singularity the quasiho- 
mogeneous log canonical part can be found 3.5]. Therefore, in our 
terms it is exceptional if and only if its quasihomogeneous part defines 
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a canonical outside singularity (see corollary |2.18|) . Using this fact 
it is not difficult to get the list of all three-dimensional exceptional 
strictly log canonical hypersurface singularities. The mentioned one is 
not given in this paper. For the isolated singularities such list is given 
in |2^. This list corresponds to 95 families of weighted K?) surfaces 



obtained by M.Reid and I.Fletcher in |2T|, 4.5], 0. Indeed, the single 
exceptional divisor of purely log terminal blow-up is surface. 

This paper is organized in the following way. In chapter §1 the 
main definitions and preliminary results are collected. In chapter §2 
the quasihomogeneous singularities are studied. The main theorem 
is proved in chapter §3. Also the explanation of three-dimensional 
canonical singularities study on the exceptionality is given. In chapter 
§4 the summarizing tables are written. 

I am grateful to Professor V.A.Iskovskikh, Professor Yu.G.Prokhorov 
and Professor V.V.Shokurov for useful discussions and valuable re- 
marks. 

The research was partially supported by a grant 99-01-01132 from 
the Russian Foundation of Basic Research and a grant INTAS-OPEN 
2000#269. 



1. Preliminary facts and results 

All varieties are algebraic and are assumed to be defined over C, 
the complex number field. We use the terminology, notations of log 
Minimal Model Program and the main properties of complements given 
in 0, A strictly Ic singularity is called Ic singularity, but not 



kit singularity. 

Definition 1.1. We say that the boundary D = ^diDi has standard 
coefficients if di G {1} U {l — j;i\m E N} for all i. 



Definition 1.2. Let {X,D) be a log pair, where D is a subboundary. 
Then a 'Q^- complement of Kx + -D is a log divisor Kx + D' such that 
D' >D,Kx + D' is Ic and n{Kx + ~ for some n G N. 



Definition 1.3. Let X be a normal variety and let D = 5 + i? be a 
subboundary on X such that B and 5* have no common components, S 
is an effective integral divisor and ^Ba < 0. Then we say that Kx + D 
is n- complementary if there is a Q-divisor such that 

1. n{Kx + D^) ~ (in particular, nD~^ is an integral divisor); 

2. Kx + D+ is Ic; 

3. nD+ >nS + ^{n + l)B^. 
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In this situation the n- complement of Kx + D is Kx + D^. The divisor 
is called n-complement too. 

The invariance of the complements with respect to log MMP and 
their inductive properties are shown in the following three theorems. 

Theorem 1.4. 5.4] Let f : X Y be a hirational contraction and 
let D he a suhhoundary on X. Assume that Kx+D is n- complementary 
for some n G N. Then Ky + f{D) is also n- complementary. 

Under additional assumptions we have the inverse statement: 

Theorem 1.5. 2.13] Let f : Y X be a hirational contraction 
and let D he a suhhoundary on Y such that Ky + D is nef over X 
and f*{D) has standard coefficients. Assume that Kx + f{D) is n- 
complementary . Then Ky + D is also n- complementary. 

Theorem 1.6. [0, 2.1] Let {X/Z 3 P,D = S + B) he a log variety. 
Put S = and B = {D}. Assume that 

1. Kx + D IS pit; 

2. —{Kx + D) is nef and hig over Z ; 

3. 5^0 near f-\P); 

4. D has standard coefficients. 

Further, assume that near f~^{P) fl S there exists an n-complement 
Ks + Diff5(5)+ ofKs + Diffs(E). Then near /"^(P) there exists an 
n-complement Kx + S + B^ of Kx + S + B such that Diff5(i?)"^ = 
Diff5(i?+). 

Definition 1.7. Let {X/Z 3 P, D) be a contraction of varieties, where 
D is a boundary. 

1. Assume that Z is not a point (local case). Then {X/Z 3 P,D) is 
said to be exceptional over P if for any Q-complement Kx + D' 
of Kx + D near the fiber over P there exists at most one (not 
necessarily exceptional) divisor E such that a{E,D') = —1. 

2. Assume that Z is a point (global case). Then {X, D) is said to be 
exceptional if every Q-complement of Kx + -D is kit. 

U Z = X then {X/X 3 P) is a singularity {X 3 P). 

Example 1.8. (1) Let (X 9 P) be a singularity. Suppose that there 
is an effective divisor H such that {X, H) is Ic and Lif j 7^ 0. Then the 
singularity is not exceptional. Therefore the three dimensional terminal 
singularity is not exceptional because there is a divisor having only Du 
Val singularities in the anticanonical linear system | — Kx\ |2^, 6.4]. 
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It should be noted that there are the examples of four-dimensional 
exceptional terminal singularities ||TT |. 



(2) Let (X 3 P) he a strictly log canonical exceptional singularity. 
Then the minimal index of complements is equal to the gorenstein 
index of {X 3 P) |T2| , 1.10]. The minimal index of complements is 
bounded for the three dimensional log canonical singularities pB| , 7.1]. 
A hypothesis is that this index is not more then 66. For the strictly 
log canonical exceptional singularities it was proved in and 0. For 
the nonexceptional nonisolated strictly log canonical singularities the 
gorenstein index is not bounded 5.1]. 

Definition 1.9. Let {X 9 P) be a log canonical singularity and let 
/ : y ^ X be a blow-up such that the exceptional locus of / contains 
only one irreducible divisor E (Exc(/) = E). Then f : {Y,E) ^ X is 
called a purely log terminal (pit) blow-up if Ky + E is pit and —E is 
/-ample. 

Definition 1.10. Let (X 3 P) he a log canonical singularity and let 
/ : y ^ X be a blow-up such that the exceptional locus of / contains 
only divisors E (Exc(/) = E). Then f : {Y,E) ^ X is called a log 
canonical (Ic) blow-up if Ky + -E is Ic and —E is /-ample. 



Remark 1.11. In the definitions 1.9 and 1.10 it is demanded that divisor 



E must be Q-Cartier. Hence F is a Q- gorenstein variety. 



Remark 1.12. The notations are the same as in the definition |1.9| . We 
have the following properties of pit blow-ups: 

1. If X is kit then —{Ky + E) is /-ample and a pit blow-up always 
exists 0, 1.5]. 

2. If X is strictly Ic then a{E,0) = —1 and a pit blow-up always 



exists for the exceptional singularities [|T2|, 1.9]. 



If X is Q-factorial then Y is also Q-factorial and p{Y/X) = 1 |T6 



2.2]. Hence, in the definition |1.9| for a Q-factorial singularity it is 



not necessary to demand that the divisor —E is /-ample because 
amplness takes place always. 

4. By the inversion of adjunction Ke + Diff£;(0) is kit. If Ke + 
Diff£;(0) is ^-complementary then Ky -\- E is ^-complementary 
and Kx is ra-complementary too (see theorem ^]6| and theorem 

ID- 

5. Let fi : {Yi, Ei) (X 9 P) be two ph blow-ups. If Ei and E2 
define the same discrete valuation of function field /C(X) then /i 



and /2 are isomorphic [jT6|, 2.2]. 
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Definition 1.13. Let {X 3 P) he a log canonical singularity. It is 
said to be weakly exceptional if there exists only one pit blow-up (up 
to isomorphism). 

The following two theorems |1.14| , |1.15| demonstrate the inductive 
transfer from an n-dimensional exceptional (resp. weakly exceptional) 
kit singularity to the unique {n — l)-dimensional exceptional (resp. 
weakly exceptional) log Fano variety (-E, Diff£;(0)) having the same 
indexes of complements. The inverse statements take place too. 

Theorem 1.14. fl^, 4.9] Let (X 3 P) he a kit singularity and let 
f:{Y,E)^Xbea pit blow-up of P. Then the following conditions 
are equivalent: 

1. {X 3 P) is an exceptional singularity; 

2. (£^, DiffE(O)) is an exceptional log variety. 

Theorem 1.15. [1^, 2.1] Let {X 3 P) be a kit singularity and let 
f : {Y, E) X be a pit blow-up of P. Then the following conditions 
are equivalent: 

1. {X 3 P) is not a weakly exceptional singularity; 

2. there exists an effective Q-divisor D > Diff£;(0) such that —{Ke + 
D) is ample and {E, D) is not kit; 

3. there exists an effective Q-divisor D > DiffE(O) such that —{Ke + 
D) is ample and {E, D) is not Ic. 

According to the example of weakly exceptional singularity but not 
exceptional singularity in any dimension ||12| , 2.4] we can construct the 
example of the exceptional singularity. 

Example 1.16. Let (X 3 P) be an n-dimensional canonical hyper- 
surface singularity given by the equation (x" -|- X2~^^ + x"^"^^ + ■ ■ ■ + 
xl+l = 0) C (C"+SO). The weighted blow-up of C"+i with weights 
(n + 1, n, n, . . . , n) induces a pit blow-up of P. Using the basic theo- 
rems about the hypersurfaces in the weighted spaces 0] (see also §4), 
it is easy to calculate that the obtained log Fano variety (E', Diff£;(0)) 
is 

71 — 1 

(xi + + ■ ■ ■ + C P(n + 1, 1, . . . , 1), {5i = 0}) = 

n 

= (P" \ Qn+l), 

n 

where Qn+i is a smooth hypersurface of degree n-l- 1 in P""^. Applying 
the approach of |rT| it is not difficult to check that given log variety 



is exceptional for n > 3. The divisor ^^{xi = 0} + ^{x2 = 0} 
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is n-complement of minimal index. Our singularity is exceptional by 
exceptionality criterion p. .141 and n-complementary by remark |1.12| . 



Proposition 1.17. An exceptional singularity is weakly exceptional. 
Assume that there exists Ic blow-up but not pit blow-up of {X 3 P). 
Then {X 3 P) is not exceptional. 

Proof. In general case the first statement was proved in [|r^, 1.12]. 
The second statement follows from the proof 2.4]. In fact, let 
/ : (Y, E) ^ {X 3 P) be Ic blow-up but not pit blow-up. We may as- 
sume that (X 3 P) is kit otherwise the proof is trivial. Since — {Ky+E) 
is /-ample then the linear system | — n{KY + E)\ is very ample over 
X for n 3> 0. Let if G | — n{KY + E)\ be a general element and let 
B = ^f{H). By Bertini's theorem Ky + E-\-^H is Ic but not pit. Since 
Ky + E + ^H ^qO then the pair (X, B) is Ic but not exceptional. □ 

The next proposition follows from the corollary [jl2|, 1.6] and the 



theorem fl^ , 1.9]. 



Proposition 1.18. Let f: {Y, E) {X 3 P) be a pit blow-up of log 
canonical singularity and let dim. f{E) > 1. // (X 3 P) is kit then it 
is not weakly exceptional. If (X 3 P) is strictly Ic then it is weakly 
exceptional but not exceptional. 



Example 1.19. pSj 5.2] A two dimensional kit singularity is excep- 



tional if and only if it has type Eg, E7, Eg. Its pit blow-up is the extrac- 
tion of central vertex of minimal resolution graph. The corresponding 
one-dimensional log Fano variety {E, Diffs(O)) is (P\ ^Pi + ^P2 + 
^^Pg), where (ni, rij, n-^) = (2, 3, 3), (2, 3, 4) or (2, 3, 5) respectively. 



Example 1.20. pO| , §6] A two dimensional strictly Ic singularity is 
exceptional if and only if it has one of the following types: sim- 
ple elliptic singularity or singularities of D4, Ee,E7,E8 types. Its 
pit blow-up is the extraction of central vertex of minimal resolu- 
tion graph. The corresponding one-dimensional log Fano variety 
{E, Diffij(O)) is a smooth elliptic curve, (F\ \Pi + + ^^3 + \Pi) or 
(pi,^Pi + ^P2 + ^P3), where {n^.n^.n,) = (3, 3, 3), (2, 4, 4) or 
(2, 3, 6) respectively. 

Thus, there are only three types of induced log Fano varieties for the 
two-dimensional kit singularities and there are only five types for the 
two-dimensional strictly Ic singularities. There is a conjecture that the 
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similar result about the finite number of types is true in any dimen- 
sion. For the three-dimensional hypersurface singularities this conjec- 
ture is checked in this paper. The essential difference from the two- 
dimensional singularities is that the infinite number of nonisomorphic 
singularities exists in almost every type of them. But they have the 
same resolutions. 

1.21. The main facts of toric geometry. We make use of toric 
geometry terminology (see [0). Let be a free abelian group Z" and 
M is its dual Homz(iV, Z). Denote N and M K by N^, and 

M]R respectively. We have a canonical pairing ( ) : x Mr — > M. Let 
a be the positive quadrant ]R>q of = and cr^ its dual. Then 
C"' is the toric variety corresponding to the cone a. For a fan A in 
the corresponding toric variety is denoted by T/v(A). For a primitive 
element p G of a 1-dimensional cone r = M>oP in A, the closure 
or6(]R>op) is denoted by Dp, where Dp is a divisor on T/v(A). 

Let (X, 0) C (C", 0) be a hypersurface singularity and p = (pi, . . . Pn) 
a primitive element in N with pi-^ > and pi^ > for some ii ^ %2 
(such p is called a weight). Let ip: C"'(p) C" be the blow-up with 
a weight p. Denote the proper transform of X on C"(p) by X{p). 
The blow-up ip: C"(p) — * C" and its restriction (p\x{p)- ^{p) X 
are called the p-blow-ups. The exceptional locus of ^p\x{p) is denoted 
by Ep. The exceptional locus Dp of ip is the weighted projective space 
P(p). These p-blow-ups are obtained by a subdivision of the cone a. 
The corresponding fan consists of the faces of cones (jj (i = 1, . . . , ra), 
where cxj is generated by ei, . . . , ej_i, p, ej+i, ... , e„. Here ei, . . . , e„ 
are the unit vectors (1, 0, . . . , 0), . . . , (0, . . . , 0, 1) which generate a. 

A monomial G C[[xi,X2, ■ ■ ■ , is denoted by x™, 

where m = (mi, ■ ■ ■ , m„) G Z" = M. For a power series / = 
Y.m ^rnX"^ ^ C[[xi, X2, . . . , wc Write x"^ G /, if am ^ 0. For p G Xr 
and a power series / we define 

P(/) = min(p,m). 

We denote the leading term X](pm)=p(/) '^m^™ of / with respect to p 
by /p. 

Definition 1.22. For a power series / = Ylm^"iX"^ G 
C[[xi,X2, ■ ■ ■ ,Xn]] define Newton polyhedron r+(/) in Mr as fol- 
lows: 

r+(/) = the convex hull of [J (m + cr^). 
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The set of the interior points of r+(/) is denoted by r+(/)°. For each 
face 7 of r_|_(/) we define the polynomial as follows: 



A power series / is said to be non- degenerate if for every face 7 the 
equation = defines a smooth hypersurface in the complement of 
the hypersurface xi ■ ■ ■ x„ = 0. 

Theorem 1.23. [1^ Let (X, 0) C (C", 0) he a normal hypersur- 
face singularity defined by a power series f and T^{f) is its New- 
ton polyhedron. Let {X,0) be canonical (resp. log canonical). Then 
1 = (1,1,... ,1) G r+(/)0 {resp. 1 = (1,1,... ,1) e r+(/)). The 
inverse statements take place for the non- degenerate singularities. 

Now as a preliminary we discuss the nonisolated hypersurface singu- 
larities study. 

Definition 1.24. Let (X, 0) C (C", 0) be a nonisolated hypersurface 
singularity (maybe nonnormal) defined by a polynomial /. By proposi- 
tion 1.18| we can investigate this singularity on the exceptionality in the 



arbitrary small neighborhood U of the origin. For example, in the three- 
dimensional case it means that (SingX \ 0) flW = C^^ is not arcwise 
connected union. The variety X fl W is isomorphic to x (two dimen- 
sional log canonical hypersurface singularity) along the every compo- 
nent. In an n-dimensional case let (SingX \ 0) fl W = Ul^il-^r' \ 0), 
where A!^^ are the irreducible affine varieties of the dimension nj. 
Now we define the mutually different affine varieties {V^"^}, where 
rij = dimV^"\ The system of indexes Ij C {1,... ,m} is called ad- 
missible if 

^ Pi (^7^ \ 0) ^ where k i 

For all admissible systems /-,• we can put V^^ =^ flie/j ■ ^0 
the ideal radical of the variety V^^ and let /i, . . . , be the generators 
of dj. Then we have the decomposition 

/ = '^'l(/l, • • • , fv)Ul{Xi, ... , X„) + . . . + $m(/l, . . . , fr)Um{,Xi, ... , 

where ui ^ for all i. The variety {ui = ... = Um = 0} is empty 
or nonsingular by the construction of V^"\ Let Wk = Vj H {uk = 
0}. Repeat the similar process for the irreducible components of the 
nonempty sets Wk- Thus we obtain the sets Wj^j' C V^"^, where Uk 

are their dimension. There is a map ip: X nU ^ V^' for all j. By the 
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construction, (n—l—r;,j)-dimensional singularities ^/^ ^(Pi)and^/' ^{P2) 
have the same type (resolution) with respect to Newton diagram, where 
Pi, ^2 e (V/^ \ (Ufc W^fc"-" UO)) \ V^D- It should be noted that 

they can be not biholomorphic. This type is denoted by J^j. The 
similar statement is true for the map ip: X CiU ^ ^^"^ 
[W^Y \ 0) \ Ui^fc ^'ij^- The corresponding type is denoted by J^j^k- 

Examples 1.25. 1). Let us consider the singularity {x\ + x\ + {x\ + 

xlfx^ = 0,0) C (C^0). Then = {xi = X2 = xl + xl = 0}, 

wl, = n {X4 = 0}, j-i = M + + = 0, 0) c (C3, 0)}, ^1,1 = 
{(l/? + y| + l/iz/4 = o,o)c(c^o)}. 

2). Let us consider the singularity {x\ + x\ + (x| + x^Xg + x\x\x^ = 
0, 0) C (C^ 0). Then = {xi = X2 = X3 = x^ = 0}, = {xi = X2 = 
X3 = X5 = 0}, 1^3^ = {xi = X2 = Xi = x^ = 0}, J^i = {{yl+yl+yl+yl + 
cyiyl = 0, 0) C (C^, 0)} and for the different values of c the singularities 
can be not biholomorphic, J-'2 = ^3 = {{yl + 2/2 + 2/4 + 2/32/4 = 0; 0) C 

(c^o)}. 

Proposition 1.26. Let (X, 0) C (C",0) be a normal nonisolated hy- 
persurface singularity. It is terminal outside [resp. canonical outside 
0, log canonical outside 0) if and only if J-'j and J-'j^k o'^e terminal [resp. 
canonical, log canonical) for all j, k. 

Proof. For instance, let us prove this theorem in the terminal case. In 
definition |1.24| we made the subdivision of Sing X\0 to the " cells" . Ev- 



ery cell has a dimension not less then one. Along every cell X has the 
same singularity type. Let some J-'j or JF^- ^ be not terminal singularity. 
Then there exists a blow-up with a center along the corresponding cell 
and we obtain an exceptional divisor with discrepancy < 0. Contra- 
diction. 

Conversely assume that J-'j and J-'j^k are the terminal singularities and 
{X, 0) is not terminal outside 0. Consider the log-resolution tp. Then 
there exists an exceptional divisor E with discrepancy a{E, 0) < 
such that dimiplE) > 1. The generic point P G ip{E) is lying in the 
fixed cell or P ^ SingX. In both cases we have a contradiction with 
a(E,0)<0. □ 



Definition 1.27. Let {X,0) C (^^,0) be a nonnormal hypersurface 
singularity. It is called a log canonical singularity if (C",X) is Ic. It 
is called log canonical outside singularity if (C",X) is log canonical 
outside 0. The last definition is equivalent to the conditions that J-'j 
and J-'j^k are Ic. 
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2. Quasihomogeneous hypersurface singularities 



Definition 2.1. Let /: (C",0) (C, 0) be a polynomial. It is called 
a quasihomogeneous polynomial of degree d if there exist the strictly 
positive rational numbers Pi, . . . iPn (which are called the weights) that 



(1) /(A^-ia;!,... ,A''"a;„) = A'^/(xi,... 

for any A and all Xi, . . . , x„. 

For the quasihomogeneous singularities (polynomials) the nonnega- 
tive rational numbers pi, . . . ,Pn satisfying condition (|l]) are also called 
the weights and 7^ is called a quasihomogeneous degree too. 

Convention. Without loss of generality it can be assumed that 
Pi, . . . d are the integer numbers in this chapter. 

Lemma 2.2. Let (X, 0) C (C^, 0) he a quasihomogeneous hypersurface 
singularity defined by a polynomial f . If ^(x) = ■ ■ ■ = ^-(x) = 
then /(x) =0. 

Proof. The polynomial / is quasihomogeneous if and only if / G /v/, 



where Ivf = (^) • • • ; ^) is a gradient ideal [T^. This concludes the 
proof. □ 

Proposition 2.3. Let (X, 0) C (C", 0) he a normal quasihomogeneous 
hypersurface singularity with weights pi, . . . ,Pn and degree d defined by 
a polynomial f . Then 

1- UYliVi ^ d + 1 and (X, 0) is canonical outside then 1 G r+(/)°. 

2- IfY^Vi > 0^ and (X, 0) /og' canonical outside t/ien 1 G r+(/). 

Proof. Assume the converse. Then 1 ^ r_|_(/)° or 1 ^ r_|_(/) respec- 
tively. Then there exists a primitive vector p' from cr^ such that the 
plane 11 = {/ G XrI (p', /) = p'(/)} is the plane of support for Newton 
polyhedron. This plane contains 1 or lies over 1. Let y?: C"(p') C"" 
be a p'-blow-up. Since the plane of support 11 is parallel to some coor- 
dinate axis then at least one coordinate of p' is equal to zero. Therefore 
dim(y9(Dp/) > 1. Also the discrepancy a(Dp/,X) = (p', 1) — p'(/) — 1 
is less then -1 in the first case and strictly less then -1 in the second 
case. Since the singularity is canonical outside or Ic outside we 
obtain the contradiction respectively. □ 

The next similar proposition for a nonnormal singularity is proved 
by the same arguments. 

Proposition 2.4. Let (X, 0) C (C", 0) he a nonnormal quasihomo- 
geneous hypersurface singularity with weights Pi, ■ ■ ■ ,Pn and degree d 
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defined by a polynomial f. Let J2Pi — ^ (^) 0) ^■^ ^og canonical 
outside (see definition \1.2T\ ) then 1 G r+(/). 



2.5. The quasihomogeneous singularity resolution construc- 
tion. For every hypersurface singularity (X, 0) C (C",0) defined by 
a polynomial / there exists a subdivision A of a in |2^) depend- 



ing only on Newton polyhedron r+(/) with the following properties. 
The variety T/v(A) is nonsingular, therefore Diffx(A)(0) = 0, where 
X(A) denotes the proper transform of X on T/v(A). If (X, 0) is a non- 
degenerate singularity then the birational morphism ip: T]\f{A) C" 
is the toric log-resolution of (C"',X) The value of non-degenerate 
singularities is in the presence of such toric embedded log-resolution. 
In any case the birational morphism ip is called a partial log-resolution. 
Thus Kt^^a) + X{A) + E{A) = ri^c^^ + X). 

Convention. Let us assume in addition that f{xi,... ,Xn) is 
a quasihomogeneous polynomial. Let us choose its weights p = 
(pi, . . . ,pn) that Pi ^ for any i. 

Example 2.6. If {X, 0) is an isolated singularity then ip is its embed- 
ded toric log-resolution. 

(1). Let {X,0) be a normal singularity. It is equivalent to demand 
that codimc" SingX > 3, i.e. rii < n — 3 for all i (see definition 1.24 ). 
Then X{A) is normal and Kx(a) = 4'*Kx + ^ ^(-^'i; 0)-Ej. As in the 
example variety X{A) can't have the isolated singularities. There- 
fore Sing X (A) = [Ji^j where A^' are the irreducible components 



and ipiAl') = Ai' (see definition 03) 



Definition 2.7. A^^ is called a non- degenerate component of singu- 
larity if i ^ I. A^" is called a degenerate component of singularity if 

i e /. 

We can recognize these components in the following way. Let us 
slightly modify the coefficients of / in order that the singularity became 
non-degenerate. If the component A^" of our singularity remains the 
component of new singularity then it is non-degenerate. If it doesn't 
occur then this component is degenerate. 

In other words the morphism ip is the log-resolution only for the 
non-degenerate singularity component. 



Let us define V'^\W'^^-' as before V'^^W'^^f in the definition |L24 . 



Notice that i){V^') = V,"^ ^(W^^" •■^) = P^J-'^ and V^^^Wj^^/ ^ Exc(V') 
for all j,k. 
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Lemma 2.8. Along the sets \ ((U^ < ••^ ) U(U.^, V^D), W^.",''^ \ 
Ui^k^i^j'^ '^^ have the same singularity types J-'j,J-'k,j respectively (of. 
definition \1.24\ )- 

Proof. The exceptional divisor corresponding to p-blow-up is denoted 
by Ep. We have to prove that the type of hypersurface singularities 
is the same one in the intersection point of these sets with Ep. This 
means that the singularity given by a polynomial 



/ •^i fi-^l-^i 5 • • • 5-^1 5 • • • 5 ^n^i ) f{-^li ■ ■ ■ 5 I5 • • • 5 •^n) 

in the neighborhood of Ep coincides with the singularity given by a 
polynomial / in the neighborhood of a;^ = 1. For this purpose it is 
enough to prove that ^(x) = 0, where x G 5 = Sing{/ = 0}. Since 

dixff) ^ df , 



Pj^{^i^U---m^i + Pi- 



Ox, ^-^dx,'"^'"^' ^■■■>-J-^ ' -^dx '"^'"^' ' 

d{xff{Xi, ... , 1, . . . , Xn)) _ 



XiXj , . . . jXj 



dxi 



dxf-'f{xu... A, 



then substituting any x = {x^, . . . ,1,... G S we get 

.9/ 

'' dxi 



,1,... =0. Q.E.D. □ 



By the same argument IJSingE'j C Sing X (A). Therefore there 
exists a log-resolution ip: X ^ ^{^) such that dim(p{E) > 1, where E 
is any component of Exc{(p). Moreover, the center of every exceptional 
divisor doesn't lie in |JSingi?j. Such resolution is called a good one. 

(2). Let (-^,0) be a nonnormal reduced singularity, i.e. 
codim^n Sing X > 2 [rii < n — 2 for all i) . Similarly there is the 
same definition of the non- degenerate and degenerate singularity com- 
ponents. In the same way we construct a good log-resolution (p of 
(T/v(A),X(A) + -E(A)) with the same properties. In particular the 
center of every exceptional divisor doesn't lie in Singi?(A). 

Theorem 2.9. Let {X,0) C (C"',0) be a normal quasihomogeneous 
hypersurface singularity with weights pi, . . . ,Pn and degree d defined 
by a polynomial f . Then 

1- > c^ + l and {X, 0) is canonical outside if and only if {X, 0) 
is canonical. 

2. J2Pi — ^ '^^'^ 0) ^■^ ^'^9 canonical outside if and only if {X, 0) 
is log canonical. 
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Proof. The sufficient conditions are obvious. Now we prove their ne- 
cessity. Let ip: T/v(A) ^ C" be a partial log- resolution (see [275| ). Let 
us prove the ffist assertion. By proposition ^]3| we have 1 G r+(/)°. 



Hence aj(i?j,0) > for all i [|T4|. Since {X,0) is canonical outside 
then J-'i,J-'kj are canonical by proposition |1.26| . This implies that 
X(A) is canonical. Therefore {X, 0) is a canonical singularity too. 
The second assertion is proved similarly. Arguing as above, we see 
that a{Ei,0) > —1, J^i,J^k,j are the Ic singularities and X{A) is Ic. 
By taking a good log-resolution we conclude that (X, 0) is Ic since 
yn, ^ ^n,,, ^ Exc(^) for all J, k. □ 



Remark 2.10. By theorem |2.9| and proposition |1.26| the question about 
the concrete quasihomogeneous singularity type is reduced to the same 
one about jFj and jFj ^ of lesser dimension. 

The next similar criterion for the nonnormal singularity is proved by 
the same arguments. 

Theorem 2.11. Let {X,0) C {C"',0) be a nonnormal quasihomoge- 
neous hypersurface singularity with weights Pi, ■ ■ ■ ,Pn and degree d. 
Then '^Pi > d and (X, 0) is log canonical outside if and only if 
(X, 0) is log canonical. 

Example 2.12. Consider the singularities form the example p..25| . By 
theorem ^]9| the ffist singularity is canonical. The second one is termi- 
nal since it is terminal outside and its hyperplane section {x^, = ^5} 
has the canonical singularities. 



Theorem 2.13. Let (X, 0) C (C^jO) he a normal log canonical quasi- 
homogeneous hypersurface singularity with weights pi, ■ ■ ■ ,Pn defined 
by a polynomial f . Then 

1. If (X, 0) is not canonical outside then p-blow-up is Ic, but not 
pit blow-up, except the case described in the example \2.1^ (1). In 
particular, (X, 0) is always nonexceptional singularity. 

2. (c/. 3.3]) // (X, 0) is canonical outside then p-blow-up is pit 
one. Assume in addition that (X, 0) is strictly log canonical then 
(X, 0) is exceptional. 

Proof. Let ip: C"(p) C" be a p-blow-up. Its exceptional locus is 

Exc(V^U(p)) = E^ = D^n X(p) = {/(xi, . . . , x„) C P(pi, . . . ,pn)]. 

Since / is an irreducible polynomial then is an irreducible variety. 
It is clear that —E-p is relatively ample and X(p) is a normal variety. 
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Consider the partial log-resolution of X. We have the corresponding 
morphism ip: T/v(A) C"(p). 

T^(A) ^ C"(p) ^ C" 

u u u 

X X(A) X(p) X 

One has 
(2) 

^T^(A) + ^(A) + Dp = <^*(i^C"(p) + ^(P) + Dp) + 5^ «qDq. 

K>oqeA(l),q^p 

By abuse of notation the divisors corresponding to p on T/v(A) and on 
C"(p) are both denoted by Dp. Let q G be a primitive vector. By 
the proof of lemma 3.2] we have 

= a(Dq, X(p)) - ^ = (q, 1) - q(/) - ^((p, 1) - p(/)) - 1. 

Pi Pi 

Let us prove the first assertion. Obviously 1 G r+(/). If = 
then ttq = (q, 1) — q(/) — 1 > —1. If > then we can define a = 
(ai, . . . , a„) from the proportion (gi : . . . : g„) = (pi + Oi : . . . : p„ + a„). 
Then Oj = and aj > for all j ^ i. Substitute q = — (p + a). Then 

aq = |((a,l)-a(/))-l>-l. 
Lemma 2.14. Difrx(p)(0) = 0. 

Proof. If codimcn(p) SingC"(p) > 2 then there is nothing to prove. Let 
codimcn(p) SingC"(p) = 2. There are only two cases. 

(1) (pi, . . . . . . ,pn) = d > 1 and pj 7^ 0. Hence V(^p) = 

0. 

Consider any chart of C"'(p) 

Uk = Cy^^ ,^^y^/Zp^{-pi, . . . , -Pk-1, 1, -Pk+u • • • , -Pn), k ^ j. 

The variety -^(p) is given by an equation 
. . . , Vk-i, 1, l/fc+i, ■■■ ,yn) = in this chart. If 
Diffx(p)(0) ^ then /(y) = for all y = 
(?/!,... ,?/j_i,0,?/j+i, ... ,?/fc). Thus / = Xj ■ f. 

It is impossible. 

(2) Pi 7^ if z G / and = if z ^ J, where set / C {1, . . • ,n} and 
2 < k = \I\ < n — 1. Hence dim?/'(Dp) = n — k. 

In the small neighborhood U of the generic point P G ip{Dp) the variety 
X is isomorphic to C""'^ x X'. The morphism ^/^ induces p'-blow-up 
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C'(p') C' and X'(p') — > X', where p- = pi for z G /. By the above 
statement Diffx'{p')(0) = 0. Hence Diffx(p)(0) = 0. □ 

From this lemma and equahty (2) we have 

KxiA) + Ep = ip*{Kx{p) + ^p) + ^ ttq^q, where a'^ > -1. 

Consider a good log- resolution X X{A). All exceptional divisors 
for the pair (X(A), Ep — J2 Q^q-^q) have the discrepancies not less then 
—1 since , W^Y ^ Exc(-?/; o ip). By assumption (X, 0) is not canon- 
ical outside 0. Thus (X(p) + E^) is not pit or the case described in 
the example |2.15| (1) takes place. By propositions [1.17| and |1.18| (X, 0) 
is not exceptional. 

Let us prove the second assertion. Arguing as above it is enough to 
prove that = (q, 1) — q(/) — 1 > — 1 if = and (a, 1) — a(/) > if 
Qi > 0. Actually, if ctq = — 1 then by considering q-blow-up or a-blow- 
up we have the contradiction that our singularity is canonical outside 
0. It can happen that a-blow-up is undefined (see |1.2lD . Then a(/) = 



and there is nothing to prove or / is not irreducible, i.e. we have the 
contradiction with the normality of {X, 0). 

Assume in addition that {X, 0) is strictly Ic. Since {X, 0) is canonical 



outside then pi for all i. Thus diimp{Ep) = 0. By theorem |T2 



1.9] (X, 0) is exceptional. □ 

Example 2.15. (1) Let (X, 0) be a normal strictly log canonical quasi- 
homogeneous hypersurface singularity with weights pi, ■ ■ ■ ,Pn- Let p- 
blow-up ip is pit one and Pi = for some i. It means there exists only 
one index k such that J-'k is strictly Ic. Note also that JF^ is exceptional, 
the corresponding component is non-degenerate and 'ipiEp) = A^'^. 

(2) Let (X, 0) be a normal strictly log canonical quasihomogeneous 
hypersurface singularity with weights Pi, ■ ■ ■ ,Pn defined by a polyno- 
mial /. Let (Xp, 0) = (/p = 0, 0) be a singularity of part (1) for some 
p e Xk. Then p-blow-up is also pit one. 

Example 2.16. Consider the singularity {xf+xl+xf = 0,0) C (C^,0) 
with weights p = (3, 2, 1, a). If a = then the p-blow-up is a pit one. 
If a 7^ then the p-blow-up is a Ic but not pit one. 

For the nonnormal singularities there is the similar theorem. 

Theorem 2.17. Let (X, 0) C (C",0) be a nonnormal log canon- 
ical quasihomogeneous hypersurface singularity with weights p = 
{pi,...,Pn) defined by a polynomial f . Consider p-blow-up 
i): C"(p) ^ C". Then Kc"(p) + ^(p) + Dp is Ic but not pit. 
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By theorem p.l3| we have the following important corollary. 



Corollary 2.18. Let (X, 0) C (C",0) be a normal hyper surf ace singu- 
larity defined by a polynomial f and let p G N^. Put (Xp, 0) = (/p = 
0,0). Then 

1. // (Xp,0) is canonical (resp. log canonical) then {X,0) is also 
canonical (resp. log canonical). 

2. Consider p-blow-ups ip: (X(p),_E'p) (X, 0) and 
VJp: (Xp(p),E;) (Xp,0). Then (Ep, Diff£;^(0)) = 
(S;,Diff^,(0)). 

3. //(Xp, 0) is log canonical and not canonical outside then p-blow- 
up is Ic but not pit one of (X, 0) except the case described in the 
example ^.13^ (2). In particular (X, 0) is always not exceptional. 

4. // (Xp, 0) is log canonical and canonical outside then p-blow-up 
is pit one o/(X, 0). Assume in addition that (X, 0) is strictly log 
canonical. Then (X, 0) is exceptional. 

Proof. Consider the deformation Ft = t^^^^'' f{tP^xi, . . . If t = 

then Fq = /p. For small t 7^ singularity F^ has the type /. Let 
(Xp,0) is Ic then (C",Xp) is Ic by lemma 7.1.3]. By Inversion of 



Adjunction and [|10| 7.8] the first statement is true. The statements 
(2) and (4) are trivial. To prove the third statement it is enough to 
show that (C"(p),X(p) + Dp) is Ic. Consider the same deformation. 



If t = then (C"(p), Xp(p) + Dp) is Ic by the proof of theorem |2A3 . 



Therefore corollary |TQ, 7.8] completes the proof. □ 



Corollary 2.19. Let (X, 0) C (C", 0) be a normal log canonical hy- 
persurface singularity defined by a polynomial f and (/p = 0, 0) be a 
nonnormal log canonical singularity for some p G N^. Then p-blow-up 
is Ic but not pit one of (X, 0). In particular (X, 0) is not exceptional. 

Proof. Since fp is a reduced polynomial then it is easy to check that 
dim Sing X(p) < n — 2 in any chart for p-blow-up [2^, 3.7]. Therefore 
X(p) is normal. The rest is proved as above corollary p.l8| (applying 
theorem |2.17|) . □ 



Remark 2.20. For every non-degenerate log canonical (resp. canoni- 
cal) singularity there always exists p G X]r such that fp defines a log 
canonical (resp. canonical) singularity P, 3.5]. 



3. Three-dimensional log canonical hypersurface singularities 



Now we prove the main theorem formulated in the introduction. 
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Proof of the main theorem. According to theorem |3.2| the excep- 
tional strictly log canonical (resp. canonical) hypersurface singularities 
are divided into two types. 

(1) There exists a primitive p G that /p = {foip)-p gives a strictly 
log canonical and canonical outside (resp. canonical) singularity. 

(2) /p = + g2{z,x,y), where g2 is an irreducible homogeneous 
polynomial of degree 2. 

The exceptional singularities of second type are classified in the the- 
orems ^]3| and 

Consider the singularities of the first type. The primitive vector p 
is unique. Indeed, let there exist two different pi and p2. Then by 
lemma 4.1] and corollary |2.18| they give two different Ic blow-ups. 
Therefore {X, 0) is not exceptional by proposition |1.17| . Thus p-blow- 
up (p: (X(p), Ep) {X, 0) is pit one by corollary |2.18| . 

Let /p defines a strictly log canonical singularity. By corollary p. IS 



(X, 0) is exceptional. Since dim(p{Ep) = (theorem 1.9]) and 
(p, 1) = p(/) then it is easy to prove that Diff £;p/p(p) (0) = and 
Diff£;p(0) = 0. Hence Ep is a surface with Du Val singularities and 
~ 0. By lemma p|, 1.4.1] Ep is a singular K3 surface. 
Let fp defines a canonical singularity. Then under condition — 



Diff£'p/p(p)(0) = such singularities are classified in the theorems |3.24| , 



3.28| and in the tables of chapter §4. The proof of this classification 
begins from the subsection |3.6| . Q.E.D. 

Definition 3.1. A quasihomogeneous hypersurface singularity / be- 
longs to the type M.i if the maximal compact face of Newton polyhedron 
r_|_(/) has the dimension i. 



The next theorem p.2| divides the three-dimensional exceptional hy- 
persurface singularities into two types. 

Theorem 3.2. Let {Z, 0) C (C^, 0) be a three-dimensional exceptional 
canonical (resp. strictly log canonical) hypersurface singularity defined 
by a polynomial g . Then there exists a biholomorphic coordinate change 
ip: (C^, 0) — >• (Cj ,j,x,y)0) '^'^'^ unique primitive vector p G such that 
just one of the following two possibilities holds: 

1- 9p = {g ° '^)p defines an exceptional canonical {resp. strictly log 
canonical and canonical outside 0) singularity. 

2. gp = t^ + gl{z,x,y) , where g2 is an irreducible homogeneous poly- 
nomial of degree 2. 

Proof. At first consider the canonical singularity case. If is a quasi- 
homogeneous polynomial then there is nothing to prove. Take p G 
such that gp G M.^, 1 G r+((7p)° and ^{g) = 1. It is clear that 
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2 or 3-jet of gp is nonzero. Let Qp be not reduced polynomial, i.e. 
9p ~ id'p)''^ where k > 2. Without loss of generality it can be as- 
sumed that g'p = t+g" . After the quasihomogeneous coordinate change 
ip : t I — > t — g" we get g = goip = t^ + g' and cjp = t^. Repeat the 
described above process for g. Since 1 G T+{g)^ then this process will 
be finished. Hence we may assume that gp is a reduced polynomial. 

Let {Zp,0) = {{gp = 0},0) be a nonnormal singularity. Then all 
components are degenerate (cf. 3.3]). Indeed, let Aj be a non- 
degenerate component. Take the partial resolution ip. Then there is an 
exceptional divisor E with discrepancy a{E, 0) < —1 such that ip{E) = 
A'j. We obtain the contradiction with 1 G r+(5fp)*^. By corollary 
pj.l9| we have a nonnormal, not log canonical singularity along some 



component Al. In the neighborhood of the generic point of Al we 
have Zp = CIj^ X mMt, z,x,y)j2{t, z,x,y)) = 0}, deg* > 2. 
Since 1 ^ r+($) and 2 or 3-jet of gp is nonzero it follows that after 
the quasihomogeneous biholomorphic coordinate change we get /i = t. 
If multo /2 = 1 then it is not difficult to show that monomial x, y or 
z belongs to f2- Thus, after some biholomorphic coordinate change 
we can assume that multo /2 > 2. Let $q be a quasihomogeneous 
part of $ (q($) = 1), which defines an isolated singularity. Then 
wt 2; + wt X + wt y < 3 • I wt /2 . The equality holds if and only if /2 = (72 
is an irreducible homogeneous polynomial of degree 2. Using this fact 
in solving the following system 

wt t + wt z + wt a; + wt ?/ > 1 

wt /i + wt /2 < 1 
wt/i,wt/2G{|,|}U(0,|) 

we get $q = ff + /|. Therefore gp = t^ui{t, z, x, y) + glu2{t, z, x, y). 
Since 1 G T^{gpY then ui, U2 are the constants and we have the second 
case in the theorem condition. 



Let (Zp, 0) be a normal, not canonical singularity. By theorem |2]S 
{Zp, 0) is not canonical outside 0. By the same argument we have not 
canonical singularity ^{fi, f2, fs) = along some degenerate compo- 
nent Al- If multo /j = 1 for all i then one can take the corresponding 
coordinate change and repeat the process. Let multo /s > 2. Con- 
sider a quasihomogeneous part of $. Then wit + wt z + wt x + wt y < 
wt /i+wt /2+I wt wt /a < 1. Contradiction with the construction 
of gp. Therefore this theorem is proved for the canonical singularities. 

Consider the strictly log canonical singularity case. Similarly, there 
is p G A^R such that gp G A/is, 1 G T^{gp) and p{g) = 1. Moreover, if 
gp defines a not log canonical outside singularity then 1 G r+((7p)°. 
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Therefore, applying the discussed above arguments we can prove this 
theorem. □ 



The next theorem classifies all exceptional canonical singularities in 
the second case of theorem |3.2| . 

Theorem 3.3. Let (X, 0) = {f = + gl{z,x,y) + f^,{z,x,y) = 
0, 0) C (C^, 0) be a canonical singularity. Then there exists a pit blow- 
up if. {Y,S) ^ (X 9 0) such that (^,Diff5(0)) = (Fio, + §^^2), 
where Fio = P(10, 1, 1) is a cone, Hi and H2 are its hyperplane sec- 
tions. Moreover, (X, 0) is exceptional (resp. weakly exceptional) and 
6- complementary if and only if any irreducible factor of the nonzero 
5-jet has the multiplicities at most 3 (resp. at most 4)- 

Proof. Consider p = (4, 3, 3, 3)-blow-up 0: (X(p),_E) — ^ X. Then 
(E,Diff^(0)) = {t + gl C P(4,l,l,l),|{t = 0}) = (P24C), where 
C is an irreducible conic (see construction p.l2| ). Also a{E,0) = 0. 
If 5-jet of /' is zero then polynomial / has a view t'^ + g2{l,x' ,y') + 
z'^f" in the chart C^, ^ ^, y/Z3(2, 1, 0, 0). This new singularity is not 
canonical, therefore 5-jet of /' is nonzero. Now our theorem is proved 
by exhaustion of all cases for 5-jets. 

Let f = -\- g2 + z^ + f^Q^z, x, y). We have the following picture 




The variety X(p) in the neighborhood of Pi (the points Pi have the 
coordinates (0, in P^, where (?2(0, = 0) is 

+ ^2 ^ ^,5^,3 ^ ^,6^. ^ Q ^ (C^, 0))/Z3(2, 0, 0, 1). 

Depending on the type of /' this singularity can be nonisolated along 

the curves li and I2 not lying on E. By considering the invariants of 

21 



group action we get X{p) to be isomorphic to 

{xlxl + x,xl + xl + f" = 0, 0) C (C^„.„.3,.„ 0) 

in the neighborhoods of Pj. 

The surface E is given by the equations {xi = X3 = 0} in these 
neighborhoods. Along the curve C the variety X(p) has cE^ singular- 
ity. Let if be a general hyperplane section of X(p) passing through 
any point from C\{Pi,P2}- Let C = E (1 H. Consider the minimal 
resolution of H. We have the following graph 



2c 4c „ 5c 4c ~^ 

3 3 3 3 C 



3 3 3 3 

o o o o o 



Oc 



where C is a proper transform of C The numbers near graph ver- 
texes (exceptional curves) denote their corresponding discrepancies for 
the pair {H, cC). This implies that log canonical threshold of [H, cC) 
is equal to 1/2 and the extraction of only central graph vertex is an in- 
ductive blow-up of (if, ^C) (see theorem |T^, 1.5]). Let c = c(X(p), E) 
be a log canonical threshold. The pair {X{p),E) has the same singu- 
larities in the neighborhoods of the points Pi and P2. Therefore by 
connectedness theorem 17.4] LCS{X{p),cE) = C. Hence c = 1/2. 

Let us take a blow-up of C^(p) along the curve C with the weights 
(6,4,3,0). Then this blow-up induces ip- X{p) -^(p)- Thus -^x(p) + 
S + |-£'x(p) = i^*{Kx{p) + |P). It is obvious that /"' doesn't influence 

on the exceptional surface ExcV' = S = Fiq. In what follows it will be 
demonstrated that the proper transform -E'x(p) of E can be contracted 

to the point. Therefore Ej^^^-^ fl S" is a minimal section of Fiq. One 
have Diff5(|i5^(p)) = Diff^(O) + ii?^(p) |g = |/oo + |/o + ll'o + l 1^- = 
§^00 + 1^0 + 1^0; "where loo is a minimal section, /q and I'q are the different 
zero sections. The sections /q and /q have the intersections in the two 
points with multiplicities 5. These points are lying over points Pi and 
P2. It is clear that log surface (S", Diffg(ii?^j^p^)) is kit, i.e. -ip is an 

inductive blow-up of (X(p), ^E). Let Lx(p) E \ —n{Kx{p) + ^E)\ be a 
general element from the very ample linear system over X for (n 3> 0). 
Then i^x(p) + ^Lx{p) is Ic and numerical trivial over X. One have 

^x(p) + ^+l^x(p) + ^^x(p) = r<l^*iKx + ^Lx), where Lx = 0(^x(p)). 
Apply ir^(p) + S + {\ + e)i?^(p) + iL^(p) - MMP (0 < e « 1). Since 
P(^x(p)) ~ ^ then at the first and unique step of MMP we have a 
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divisorial contraction Ej^^^^ to the point. Thus we get a pit blow-up 

{Y,S) ^ {X 3 0) and (5,Diff5(0)) = (Fio, ^Hi + f/Za), where Hi 
are H2 are the hyperplane sections of cone. Divisor Ks + Diff5'(0) + |/ 
is anti- ample and not kit, where / is a cone generator passing through 
the intersection point of Hi and H2 (of multiplicity 5). By theorem 
1.15| (X, 0) is not weakly exceptional. 

In the same way one can consider the remaining cases for 5-jets 
of /'. In these cases the surface 5" doesn't change, Hi and H2 are 
the hyperplane sections too. Only the multiplicities of Hi and H2 
intersection change. Now our theorem follows from the next trivial 
lemma. □ 

Lemma 3.4. Log Del Pezzo surface (Fio, ^Hi + |-f^2) is exceptional 
(resp. weakly exceptional) and 6- complementary if and only if its hy- 
perplane sections Hi and H2 have the multiplicities at most 3 (resp. at 
most 4) in any intersection point. 

The next theorem classifies all exceptional strictly log canonical sin- 
gularities in the second case of theorem p.2| . 

Theorem 3.5. Let (X, 0) = (/ = t^+gl{z, x, y)+fU{z, x, y) = 0, 0) C 
(C^, 0) he a strictly log canonical singularity. Then /s = and /g 7^ 0. 
Moreover (X, 0) is exceptional and 1- complementary if and only if /g 
doesn't have an irreducible factor of multiplicity 6. In this case there ex- 
ists a pit blow-up^: (Y, S) ^ {X 3 0) such that (5, Diffs(O)) = (5, 0), 
where S is a surface obtained by the section contraction of the elliptic 
surface S' — *• to Du Val singularity of type Ai {kodaira dimension 
k(S") = 0). The degenerate elliptic fibers of S' are always elliptic cusp- 
idal curves. The singular points of S are Du Val singularities. They lie 
only in the cusp vertexes. Depending on the irreducible factors of f^ we 
have the following cases: 12 (it is a number of degenerate fibers) Ao(it 
means the singularity type in the cusp vertex; Aq is a smooth point by 
the definition); 2A2 + 8A0; 4A2 + 4Ao; 6A2; 2D4 + 6A0; 2D4 + 2A2 + 2A0; 
4D4; 2E6 + 4Ao; 2E6 + 2A2; 2E8 + 2Ao. 

Proof. The proof is similar to the theorem |3.3| . Consider p = (4, 3, 3, 3) 
- blow-up (p: {X{p),E) X. Then (E,Diffs(0)) = {t + gl C 
P(4, 1,1,1), |{t = 0}) = (P2,|C), where C is an irreducible conic. 
Also a{E, 0) = 0. By theorem p.3| /g = 0. If /g = then a polynomial 
/ in the chart Cf,^,,^^, ,^,7X3(2, 1, 0, 0) is t'^ + gl{l, x' , y') + z'^ f" . This 
singularity is not log canonical therefore 6-jet of /' is nonzero. Now our 
theorem is proved by exhaustion of all cases for 6-jets. Let us prove it 
in two cases: /g = -^^ + f'>-j{,z, x, y), f^ = z^x -\- f^y{z, x, y). Other cases 
are considered likewise. 

23 



Along C\ IJ Pi the variety X(p) has nonisolated strictly log canonical 
singularity (x? + xixj + = 0, 0) C (C^.^^^^^^^^^^, 0). 

Consider the first case. Then i = 1,2 and the variety X{p) in the 
neighborhood of Pi (the points Pi have coordinates (0, 1, tji) in P^, where 
5(2(0, l,yi) = 0) is 

(xlxl + x,xl + xl + r = 0, 0) C (C^,.„.3,.„ 0). 

That is, Pi are the centers of log canonical singularities of X(p). There- 
fore {X, 0) is not exceptional by the definition. 

Consider the second case. Then i = 1,2,3,4. The variety X{p) in 
the neighborhoods of Pi, P2 is 

{xfxl + x,xl + xl + r = 0, 0) C (C^„.„.3,.„ 0), 

but in the neighborhoods of P3, P4 is 

{xlx, + x,xl + xl + r = 0, 0) C (C^„.„.3,.„ 0). 

Let us take a blow-up of C^(p) along the curve C with weights (1,1,1,0). 
Then this blow-up induces ip: X{p) -'^(p)- Thus, -^x(p) + S' = 
il)*Kx{p)- It is obvious that doesn't influence on the exceptional 
elliptic surface S" — > P^. It is easy to check that the degenerate cus- 
pidal fibers lie over Pj. The surface 5" has the singularities Eg in 
the degenerate fibers for z = 1, 2. Divisor Kx{p) + 5" is pit. Apply 
^x(p) + S' + £^x(p) - (0 < e < 1). Since p(^x(p)) = 1 then on 

the first and unique step of MMP we have a divisorial contraction Ex(p) 
to the point. So we get a required pit blow-up ip : {Y, S) {X 3 . □ 

3.6. Classification of three-dimensional exceptional quasiho- 
mogeneous canonical singularities. According to the proof of the 
main theorem it remains to classify the quasihomogeneous exceptional 
singularities. The classification process consists of two parts: 

1. At first we have to classify the quasihomogeneous polynomials. 
For any such polynomial one can correspond its weight p. By the 
main theorem the vector p is unique. It will be shown that there 
is the finite number of weights and consequently the finite number 
of types of exceptional singularities. 

2. The second part is the investigation of given singularities on the 
exceptionality. Also the minimal complement index will be found. 

Theorem 3.7. Let (X, 0) C (C'*, 0) he a canonical hypersurface 
singularity defined by a polynomial f and {X, H) is not log canonical 
for any hyperplane section H. Then f belongs to one of the following 
types: 

(Ti) f = t^ + z"^ + zfi{x,y) + f2ix,y), where deg/i > 5,deg/2 > 7. 
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('^2) f = + f'{z, X, y), where deg /' > 4 and ^-jei is nonzero. 
(T3) f = + f'{z, X, y), where deg /' > 5 and 5- jet is nonzero. 
(T4) The rank of quadratic part of f is equal to and 3-jet is nonzero. 

The further notations. Further we always work under the fol- 
lowing notations: (X, 0) = {f(t,z,x,y) = 0, 0) C (C^^ 0) denotes a 
canonical quasihomogeneous hypersurface singularity. Since one have 
to classify exceptional singularities we can assume that {X, H) is not 
log canonical, where H is any hyperplane section (see example |1.8|) . 

The classification of the quasihomogeneous parts will be made by 
"Newton line rotation" [jl|, §11]. For this purpose we first find the 



finite number of the parts of type (see definition After that 
we obtain the required list of quasihomogeneous singularities with the 
help of the simple computer program. Therefore the main problem is 
to find the parts of type Ai2- At first consider the singularities of type 
Ti. 

Singularities of type Ti. The following theorem describes such 
singularities. 

Theorem 3.8. All exceptional canonical quasihomogeneous singular- 
ities of type Ti can be obtained by the rotations of plane in C^^^^y 
passing through the monomial and one of the following monomi- 
als: x"^ ,x^ jx'^ y ,x^ ,x^y jx'' y'^ ,x^^ ,x^y ^x^y"^ jx"^ y^ , x^^ ,x^^y jX^y"^ ,x^y'^ jx'' 
and zx^ jZX^yjZx"^ , zx^y,zx^y'^. The rotation condition is that the weight 
of X is greater then the weight of y (wt x > wty) and the point 
2 = (2,2,2) lies over the rotation plane (see theorem \2.!^ ). 

Proof. Note that the monomial zx^ is missing in the list since the mono- 
mials z^, zx^, x^ are lying on the straight line. One can choose the 
quasihomogeneous weights of / such that the quasihomogeneous de- 
gree is equal to 1. 

In the theorem statement the monomials x™' of type zx"'y^, x°'y^ 
satisfy the following conditions: a>6;wtx>wt?/;wtx + wt?/>| 
(see theorem 2^); singularity defined by t^ + z^ + x^ is not Ic. 

Let us prove that these monomials give all singularities. Assume the 
converse. Let the quasihomogeneous polynomial / gives an exceptional 
singularity (X, 0) of type Ti and every its monomial doesn't belong to 
the list (in this case wt x > wt y). Let zx"'^y^^ be a monomial of minimal 
usual degree from /i (x, y) and x°'y'' be a monomial of minimal usual 
degree from f2{x,y). Since wtx > wty it follows that the degree of 
X in these two monomials is maximal then the one in the remaining 
monomials of /. Also the degree of y is minimal. 

If /i = or /2 = then f' = t'^ + z^ + x°-y^ (or +zx°-^y^^) defines 
an exceptional log canonical singularity. In fact there are two different 
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vectors from A^jj. Hence, /' gives an exceptional singularity (see main 
theorem proof). By taking p = (i, i, ^ (or -^), l) we have /p = /'. 
Hence {X, 0) is not exceptional. 

Therefore there are the following 4 cases. We prove that they are 
impossible. 

Case 1. f' = t^ + z^+ x^y^ and /" = + + zx'^^y''^ give the not 
log canonical singularities. Then they are not log canonical outside 
along {t = z = y = Q}. Therefore (X, 0) is not log canonical outside 
along {t = z = y = Q}. Contradiction. 

Case 2. f' = t^ + z^ + x"'y^ gives a not log canonical singularity (i.e. 
a < 6 > 7) and /" = t^ + z^ + zx'^^y^^ gives a log canonical singularity 
(i.e. Oi < 4 and hi < 4). Thus if 6i = then by the definition of Ti 
we have ai > 5. Contradiction. We have the following linear equation 
system on the weights: 

J awtx + fowty = 1 

1 ai wt X + 6i wt ?/ = 2/3, d = ahi — bai ^ 

Let Oi > bi. To prove theorem in this case it is enough to find new 
weights wta;, wty such that /p = /", where p = (1/2, 1/3, wt s, wt y). 
Decrease wt a; by e and increase wtyhj a = aie/bi (after it the second 
system equation remains valid). These new weights are required. Ac- 
tually we have to check that (p,a;"?/^) > 1, i.e. —d = —abi + bai > 0. 
It is true since a/b < 1 and ai/bi > 1. 

Let tti < bi. If —d > then {X,0) is also nonexceptional as above. 
Let d > then wta; = (6i - |6)/rf > 0. Hence 6i > |6 > 14/3. 
Contradiction. 

Case 3. f = + z^ + x^y^ gives a log canonical singularity (i.e. 
a < 6 and & < 6) and /" = + z^ + zx°'^y^^ gives a not log canonical 
singularity (i.e. ai < 6i > 5). For the same reason 6 7^ 0. If (i > 
then as before in the case 2) we can find p such that /p = /'. If (i < 
then as before in the case 2) we have 61 — |6 < 0, i.e. b > |6i > 15/2. 
Contradiction. 

Case 4- f = t'^ + + x"-y^ and /" = + z'^ + zx"-^y^^ give the log 
canonical singularities. Similarly let us decrease wt x and increase wt y 
in order that the first or second system equation remains valid. In one 
of the cases we get /p = /' or /p = /". □ 

The investigation of singularities on the exceptionality. At 

first let us recall the main facts about the hypersurfaces in the weighted 
projective spaces 0. The greatest common divisor of the numbers 
ai, . . . , a^i is denoted by (ai, . . . , a„). 
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Proposition 3.9. Let (ai, . . . , a„) = 1 and q-i = (ai, . . . , cij, . . . , a„), 
where G N for all i. Then P = P(ai, . . . , a„) = 

P(ai/gi, ... , Oj, . . . , a„/gi). // = 1 for all i then Kp ~ Op(- XI 
anc? Of>{l)"'~^ = l/(ai ■ ■ -fln). /n i/izs case t/ie weights o/P are called 
well-defined. 

Proposition 3.10. In the same notations let [X^ C P) = 
{g{xi, . . . , Xn) C P(ai, . . . , a„)) be a hypersurface of degree d. Then 
{Xd C P) = {g{xi,... ,x]'''\... ,Xn) C P(ai/gi,... ,ai,... ,a„/gi)). 
// Diffx^/p(0) = and the weights of P are well-defined then Kx^ = 
{K^ + Xd)\x, = OxM-J:ci^)■ 

Definition 3.11. Assume the weights of the weighted projective space 
P are well-defined. Then the hypersurface C P is called well-formed 
if one of the following equivalent conditions holds: 

1. codimx,(XdnSingP) > 2, 

2. Diffx,/p(0) = 0, 

3. for all i 7^ j we have (oi, ... , Oj, . . . ,dj,... , a„)|(i. 

3.12. The structure of purely log terminal blow-up of well- 
formed singularity. Let p = {ai, . . . , a„) be the weights of 
the quasihomogeneous log canonical singularity g{xi, . . . ,x„) = 
and Oj G N for all i. By the main theorem these weights 
are defined uniquely for the exceptional singularity (in particular, 
ttj > for all i). A p-blow-up of C" induces a pit blow-up 
iY,E) {{g = 0},0). Given log Fano variety is (E,Diffs(0)) = 

{E,D) = {gixi,... ,Xn) C P(ai,... ,an),D) = (gixl^"',... ,xl/'") C 
■■■?«),••• ,angri/(«?i-- = 0}). When cal- 
culating {E, D) it is important that the hypersurface ii^ C P be well- 
formed. If it is not well-formed (the weights ai, . . . ,an are well-defined) 
then we have other different D (see example p.27| ). 

By abuse of notation the coordinates of g = and the coordinates 
of the weighted projective space are both denoted equally. 

The quasihomogeneous degrees of /, / are denoted by d and d re- 
spectively. In our three-dimensional case given log Del Pezzo surface 
is always denoted by {E, D). 

The following easy proposition allows to consider only finite number 
of cases when studying given log Del Pezzo surface on the exceptional- 
ity. 



27 



Proposition 3.13. p^, 2.3] Let (S, A) be a weakly log Del Pezzo sur- 
face, i.e. —{Ks + A) is nef and big. Assume that all 1,2,3,4 or 6- 
complements A^ are exceptional, i.e. {S,A'^) is kit. Then log surface 
is exceptional. 



Using definition |1.3| we get the next corollary: 
Corollary 3.14. Notation is as in 

WM - Let Ks + ^(!^±11^ be ample 
for all n = 1,2, 3, 4, 6. Then {S, A) is exceptional. 

Corollary 3.15. Let {X,0) be a three-dimensional quasihomogeneous 
log canonical singularity. Assume its any hyperplane section is not log 
canonical. Let {E, D = Yl diDi) be a log Del-Pezzo surface obtained 
by a pit blow-up. If dk > ^ for some k and Diffs/p(0) = (it is the 
condition of well-formedness) then (X, 0) is exceptional. 



Proof. Let (X, 0) is not exceptional. Then by proposition p.l3 there 



exists 1,2,3,4 or 6-complement D . By the definition of complement 
D+ >Dk + E^^kdiD^, where = {x,. = 0}. Since Diffs/p(0) = 

then :^^id - J2i^k ai) = d - J^i^k | ^ 0- Therefore by theorem U 
the general hyperplane section Xk + h{xi, . . . ,X4) = of (X, 0) is Ic. 
This contradiction concludes the proof. □ 



Remark 3.16. The corollary p.l5| is hypothetically true in any dimen- 



sion n. In the statement we need to assume dk > , l^f" , where 

— \RN„-i\+l^ 

iRNnI = max{m|m G RNn}- The set RNn is defined in the following 
way: m G RNn if there exists the nonexceptional log Fano variety of di- 
mension n such that the minimal index of nonexceptional complements 
is equal to m. A hypothesis is that |-RX„| < oo for all n. For n < 3 it 
was proved in |2|, besides RNi = {1, 2} and RN2 = {1, 2, 3, 4, 6} 0. 

The common principles of investigation on the exceptional- 
ity. 

(1) At first one can check that Diff£;/p(0) = (it is convenient to 
verify the third condition in the definition pj.lll ). 

(2) If D contains a component with coefficient > | then by corollary 
^.151 the singularity is not exceptional. 

Any complement of {E, D) can be extended to the complement 
Kf> -\- E -\- _D+ ~Q 0, where D^\E = D^. Hence, the structure of Weyl 
divisor group of weighted projective space P implies that Supp is 
cut by polynomials. 

For any number n G N satisfying the following property there exists 
an n-complement. 
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Property: Let r„ = Yl'i=i ^« ~ ~ ^ + 1)^^*' i-^- Ke + 

'-(n+i)D^ -r„Ci=;(l). Then r„ > and r„ = 0^6^), where 6^ G N 
for all z. 

(3) By corollary p.l3| there are two cases: {E, D) is exceptional 



and there is no 1,2,3,4 or 6-complement or there exists 1,2,3,4 or 6- 
complement. Later on we always assume the second case to take place. 

First we determine the singular points of / C P and the singular 
points of curves from SuppD. It is very convenient to apply lemma 
for these purposes. The answer depends on the coefficients of /. 
(4) Let be a complement of {E,D). By theorem p..l4| the 



question about the exceptionality is equivalent to the next one: Is 
pair {E, D'^) kit? This question is local. Consider this pair in the 
chart Uk = C'^/Za^. (ai, . . . , afc_i, 0^+1, . . . ,04) of P. The kit prop- 



erty of pair remains true by the finite dominant morphisms |]T0|, 3.16]. 
Hence our investigation reduces to the finite number of questions: Is 
pair {Cl„B = j:c,{h,{u,v) = 0}) Wt? Is pair (C^ , 5 = {h = 
0} + ^ Ci{hi{u, v) = 0}) pit, where h = defines Du Val singularity {h 
is a local equation of E in the corresponding chart)? In solving these 
problems it is convenient to consider the analog of inductive blow-up 
[]T2| , 1.5] (it is a blow-up with the unique exceptional divisor C such 

that (C, Diffc(i?)) is kit or pit, where S is a proper transform of i? ) 
and apply lemma |3.19| . 

The singularity investigation of type Ti on the exceptional- 
ity. 

Further we consider the most interesting cases and the common ex- 
amples illustrating the investigation of given log Del Pezzo surfaces on 
the exceptionality. 

Example 3.17. f = t^ + + x^^ + y^^^. Then (^E, = (f^, \h + 
1^2 + TT^3 + 11^4 ) , where /j are the lines in the general position. By 



3^ I 11"^ I 13'- 

corollary p.l4| or by corollary |3.15| given log surface is exceptional. A 
minimal complement index is equal to 66. The corresponding comple- 
ment is = |Zi + + Yj/s + ^h- A conjecture is that 66 is maximal 
number for log surfaces with the standard coefficients and consequently 
for every three-dimensional local contraction (singularity) |]2^. In other 
words l-RiVsl = 66 (see remark p.l6[ ). 

Example 3.18. f = t^ + + g(z, x, y) = t^ + z^^ + zyf^(x2, y=*) + 
+xf3(x^, y^). The lower indexes denote the binary form degrees. These 
forms are different although they are both denoted by f . Let us remark 
that we got rid of the monomial z^xy'^ before writing /. Namely we 

29 



made the coordinate change z \ — > z + ax'ip' for some a. The rotation 
takes place through the unique part + 2;'^ + a;^ of type M.2. Therefore 
the coefficient of x' is not equal 0. Put /2 = 0x^^/2-1 (a;^, y^), /s = 

Proposition, ij = {if a = then i by definition ) if and only if 
{X, 0) is exceptional and 2- complementary. 

Proof. A pit blow-up with weights (21,14,6,4) gives (^E,Dj ~ ~^ 

z' + g{z, X, y) C P(21, 7, 3, 2), \{t = 0}) = (p(7, 3, 2), \{t = 0}) . Let 

z > 1 and j > 1. Then Ke + \{t = 0} + |{a; = 0} = is not kit hence 
singularity is not exceptional. Check it. Let i = j = 1. Then this 
statement is equivalent to the following one: 

V = 0}) is not kit. Indeed, take a blow-up with weights (1,1). Then 
the exceptional divisor with discrepancy -1 appears. The cases with 
other i,j are considered similarly. 

Now, let i = 0. Consider two more difficult cases: 

1. g{z,x,y) = zy"^ + x'^ 

2. g{z, X, y) = zy^x"^ + y'^Y + x(a;^ + y'^Y 

The first case is exceptional obviously. In the second case it is enough 
to check that KE + \{t = 0} + \{x'^ + y'' = 0} = is Mt. This statement 
is equivalent to (C^^^, B) be kit, where B = + a'u'^v + = 0} + 
j{v = 0}. To prove this or analogous assertion the next easy lemma 
can be applied. 

Lemma 3.19. Let [Z 3 P,D) be a log pair and let f : Y Z be 

a birational morphism. Assume that the exceptional set of f con- 
sists of one irreducible exceptional divisor C . Ifa{C,D) > —1 (resp. 
a{C, D) = —1 ) and Ky + C -\- Dy is pit (Dy is a proper transform of 
D), then {Z 3 P,D) is kit (resp. Ic) and exceptional. 

Take the blow-up with the weights (1,1). Then the single exceptional 
divisor C = with discrepancy -3/4 appears. The divisor Kc + 
Diffc(S) = Kc + + IP2 + IP3 + i A is kit, where Pi are the distinct 
points and 5 is a proper transform of B. The case j = is considered 
similarly. Divisor = ^{t = 0} + ^{x = 0} is 2-complement. □ 

Consider quotient singularity C^/HiQg, where HiQg is a simple Klein's 
group of order 168. The singularity pointed out has the same type as 
in the previous example. It is exceptional (cf. ||19[)- Note also that it 
is a degenerate singularity. 



30 



Example 3.20. f = + + azx'f^_i(x, y^) + byxjf;_j(x, y^). The 
plane can rotate through two different parts of tj^e Ai2 for this singu- 
larity. The first part is t'^ + + x^y. The second one is + z'^ + zx^ . 
Therefore the coefficient of zx^ or the coefficient of x'^y is not equal 
0. On occasion of notation of f see the conventions in §4. A pit 

blow-up with weights (15,10,4,2) gives {e,D^ = (t + z^ + . . . C 

P(15,5,2, l),i{t = 0}) = (^P(5,2,l),i{t = 0}). Let i > 3 and 

j > 5. Then Ke + |{t = 0} + \{x = 0} = is not kit. Hence 
singularity is not exceptional. Indeed, consider [E, D) in the neigh- 
borhood of the point (0:0:0:1). Then we have to show that 
(C^, \{u^ + auv' + W = 0} + \{v = 0}) is not kit. Take a blow- 
up with weights (3,2). The exceptional divisor with discrepancy -1 
appears. Q.E.D. 

If 2 < 2 or j < 4 then singularity is not exceptional and 2- 
complementary. The requirement i < 2 \\ j < 4 also means that it is 
true for the multiplicities of other common components of type x + cy"^. 
We write this requirement only for x, because after making the quasi- 
homogeneous coordinate change x i — > x' — cy"^ we have the initial case. 
Consider two more difficult cases. Let j = 4 and a = 0. It is enough to 
check that (C^, B = l{u^ + v'^ = 0} + l{v = 0}) is kit. Take a blow-up 
with weights (4,3). The single exceptional divisor C with discrepancy 
-3/4 appears. The pair (C,Diffc(5)) = (P^, |Pi + fPs + |A) is kit, 
where are the distinct points. Lemma p.l9| completes the proof. The 



remained difficult case i = 2 and 6 = is studied similarly. 

Singularities of type T2. Let us consider the exceptional singu- 
larities of this type. By corollary p.l9| there is a biholomorphic map 



such that 4-jets can be only the following: z'^ (type T^^), z^x (type 
T^')), z^y (type ). 

Singularities oftypeT'^\t'^ + z'^ + z'^fi{x,y)+zf2{x,y) + f3{x,y)). To 
rotate Newton line (the rotation condition is wt x > wt y) it is enough 
to fix the monomials of the following forms: x°'y'' and zx°'y^. Using the 
same arguments just as for singularities of type Ti (theorem p.8| ) we 
get the following cases to rotate Newton line: x^, x^, x^y, x'', x^y, x^y"^ 
and zx^, zx^, zx'^y. 

Example 3.21. f = t^ + + zx^y + x^y", n = 4, 5. The weights of 
pit blow-up are (2(4n - 3), (4n - 3), 3n - 4, 7). Besides {E, D) = {f C 
P(2(4n - 3), (4n - 3), 3n - 4, 7), 0) and Ke = {n- 6)0^(1). If n = 5 
then there is no 1,2,3,4 and 6-complement. Therefore the singularity 
is exceptional and ^{y = 0} gives 7-complement of minimal index. 
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Let n = 4. There is 4-complement = ^{x = 0}. Let us prove 
that {E, D~^) is not pit. For this purpose it is enough to prove that 
(C^ „ {u^ + v'^ + w^ = 0} + l{w = 0}) is not pit. Take the weighted 
blow-up with weights (6,3,4). Then exceptional divisor with discrep- 
ancy -1 appears. Thus the singularity is not exceptional. 

Singularities of type Tf\t'^ + z^x + g{z,x,y)). Using the 
same arguments just as for singularities of type Ti (see theorem 
^TSD we get the following cases to rotate Newton line {wtx > 
wt y): x^,x^,x^y,x'^,x^y,x^y'^,x^,x'''y,x^y'^,x^y^,x^, x^y,x''y'^,x^y^,x^y'^ 
and zx'^ ,zx'^y ,zx^ ,zx^ y ,zx'^y'^ . Note that zx^ is a subcase in x'^ case. 



Example 3.22. f = + z^x + az^yx'^ (x + y^)'^f2 u-i^ (x, y=*) + 
+bzy2xJHx + y^)j^f3-j,-j,(x,y^) +x'Hx + y^)'^f5^i,^i,(x,y=^). The 
lower indexes denote the binary form degrees. After the coordinate 
change x i — > x + ay^ for some a we got rid of the monomial z^y^. The 
rotation takes place through the unique part + z^x + x^ of type J^2- 
Therefore the coefficient of x^ is not equal 0. Since variable x is present 
in the monomial z^x then we must select other common component 
X + y^. A pit blow-up is the blow-up with weights (15,8,6,2). Thus 
{E,D) = (P(4,3, l),|{t = 0}). There are the following 1,2,3,4 and 
6- complements: 2-complement - D + ^{y = 0} and 6-complement - 
D + ^{x + [3y^ = 0}. Hence, the minimal complement index is equal to 
2. Since the curve {y = 0} doesn't pass through the singular points of 
SuppZ) then the first complement is not considered. Let us consider 
the remaining cases (3 = 0, (3 = 1. 

Let P = 0. If ii > 2 (ii > 2 denotes that a = 0), ji > 3 (ji > 3 
denotes that 6 = 0), /i = 3 (if /i > 4 then our singularity is not 
canonical) then (C^ B) is not kit, where B = ^{u^v + + au^v"^ + 
huv^ = 0} -|- |{f = 0}. Actually take a blow-up with weights (2,3). 
Then the exceptional divisor with discrepancy —1 appears. In other 
cases its complement is not exceptional. For example, let us prove it if 
ii > 2, ji = 2,/i > 3. In this case B = l{u^v + au'^v'^ + uv'^ + v^'' = 0} + 
|{f = 0}. Take a blow-up with weights (1,2). The discrepancy of the 
single exceptional divisor C is equal to — |. Besides Diffc(-B) = f-Pi + 
|P2 + where i? is a proper transform of B. Hence Kc + Diffc(-B) 
is kit, i.e. by lemma p.l9| pair (C^, B) is kit. 

Let p = 1. Then B = ^{h = 0} + l{v = 0}, where h{u,v) = 
+ aw^f *2 + huv^^ + It is easy to verify that (C^ B) is kit if 6 7^ 0. 
Let 6 = 0. Similarly one can verify that (C^, B) is always kit if ^2 < 1- 
Let ^2 > 2. If Z2 < 4 then this pair is kit. If ^2 = 5 then it is not kit. 
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Summary. The canonical singularity is exceptional and 2- 
complementary except the case ii > 2 & ji > 3 & Zi = 3 and the 
case Z2>2&6 = 0&/i = 3. These conditions are written taking into 
account other common components (see example |3.20| ). 

Singularities of type T^2^ . The following theorem takes place. 

Theorem 3.23. All exceptional quasihomogeneous singularities of this 
type can he obtained by the rotations of plane in C^ .^,,^ passing 
through the monomial z^y and one of the following monomials: 
y ,x^y y'^ and zx^ , zx^ , zx^y,z^x^. The rotation condi- 
tion is that the weight of x is greater then the weight ofy (wt x > wt 
and the point 2 = (2, 2, 2) lies over the rotation plane. 



Proof. Let f = t^ + z^y + z^fi{x,y) + zf2{x,y) + z'^f^{x,y). Denote 
the monomial of usual minimal degree from z'^fi{x,y) by z'^x°'y^. If 
b ^ then by taking the quasihomogeneous coordinate change z i — > 
z — afi{x,y)y~^ one can assume that fi{x,y) = 0. Applying the same 
arguments as in the theorem |3.(j| we complete the proof. Let 6 = 0. 
Then using wt x + wt ?/ + wt 2; > 1/2 we get a < 3. Corollary [2.19] 
implies that a = 3. Q.E.D. □ 

The singularities of type T3. For the exceptional singularities of 
this type there are three cases for 5-jets. 

THE FIRST CASE. 5-jet is a point (type A^o), i-e. /s = z^xY, 
where a > b,a > c and a + 6 + c = 5. By corollary |2.19| we have a > 3. 
Thus 5-jet is one of the following: z^ (type Tf^), z'^x (type Tf^), z'^y 
(type T^^^), z^x'^ (type T^"^^), z^y'^ (type T^^^), z^xy (type Tf). As in 
the theorems p.8| , p.23| there are the following cases to rotate Newton 
line (wt X > wt y): 

Singularities of type Tg^"*. The rotation monomials are x^, x^y, x"^?/^ 
and zx^ , zx^y, zx^y^. 

Singularities of type T^^\ The rotation monomials are x^, x^y, x'^y^ 
and zx^, zx^y, zx^y^. 

Singularities of type T^^^ . The rotation monomials (wt x > wt y) 
are x^, x^y and zx^, zx'^y. All singularities in the case zx^y are not 
well-formed. 

Singularities of type The rotation monomials are x^, x^y, x^y^, 

X , X , X y, X y , x y , x y and zx , zx y, zx y . 

Singularities of type Tg^"* . The rotation monomials (wt x > wt are 
x"^ and zx^. 
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Singularities of type Tg . The rotation monomials are x^, x^, x^y, 
x"^, x^y, x^y"^ and zx^, zx'^y. All singularities in the cases x^y, x^y, zx'^y 
are not well-formed. 

THE SECOND CASE. 5-jet is a line, i.e. U e Mi (type T^^). To 
rotate Newton line (wtx > wty) we have to fix the following parts: 
g!^{z,x) is a binary form of degree 5, z^ + zx^y, z^ + x'^y, z^x + zx^y, 
z^x + x^y, z^y + z'^x^, z'^y + zx'^, z^x"^ + zx^y, z^x"^ + x^y^, z^y"^ + 2;^x^. 
This list was obtained in the following way. The first monomial x™^ 
contains a variable of maximal usual degree among other monomials. 
This variable is denoted by z. The second monomial x™^ = z'^x^y'^ 
satisfies the following conditions: b > c and t"^ + x™^ + x™^ gives not 
log canonical outside singularity. 

To prove that these cases describe all possibilities one may use the 
theorem proof. 

Consider one-dimensional 5-jet = + az^xy + [3zx^y'^. Let us 
prove that this case doesn't realize. If /5 7^ then 3p G such 
that f-p = t^ + /s is a log canonical outside singularity. Therefore 
by corollary p.l9| our singularity is not exceptional. Actually let x" = 
^c^ayh (^(^ _|_ Q _|_ ^ > g~) ]-,g another monomial and = 6 — a be a 

determinant of the following linear equation system on the weights. 

J wtx + wty = 2/5 

1^ awtx + 6wt?/ = 1 — (l/5)c 

Let d < 0. Since wt x > wt y then c + a + 6 < 5. Contradiction. Let 
d > 0. Decrease wt x on e and increase wt y on e. Then for new vector 
p we have (p, x") > 1. Q.E.D. 

Let /3 = and x" = z'^x°'y^ (c + a + 6 > 6) be another monomial. As 
above we have c? > 0. Using conditions wt x > and wt y > one have 
6 > 4 for c = 0, 1 and one have 6 > 3 for c = 2, 3. That is, t^ + z'^xy + x" 
gives a not log canonical outside singularity along {t = z = x = 0}. 
Hence the original singularity is not log canonical. 

Other cases are considered similarly except the case /s = z'^y ^ z^x^ . 
In this case the reader will have no difficulty in proving by exhaustion 
that only two new singularities t^ -|- z^y + z^x^ + xy^ and t^ + z^y + 
z^x^ + azy^ + hx^y^ {b 7^ 0) appear. It is easy to check that they are 
not exceptional. 

THIRD CASE. 5-jet is a plane, i.e. /s G M2 (type T^^^). The 
classification of such singularities reduces to the description of all curves 
of degree 5 in P^. 

Theorem 3.24. Let f = t^ + fz{z,x,y) gives a canonical singular- 
ity (X, 0), where /s is a homogeneous polynomial of degree 5. Then 
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p = {5,2,2,2)-blow-up induces a pit blow-up of (X, 0). Besides 
(E, D) = {t + Uz, X, y) C P(5, 1, 1, 1), \{t = 0}) = (P^, \C), where 
C = {/s = 0}. Then {X,0) is exceptional if and only if one of the 
following possibilities holds. 

1. The curve C G is irreducible. Its singular points can be only 
ordinary cusps and ordinary double points. 

2. The curve C gF"^ is the union of irreducible cubic and irreducible 
conic which intersect in 6 distinct points. The singular point of 
cubic (if it exists) can be only ordinary cusp or ordinary double 
point. 

Proof. Since (X, 0) is normal singularity then each irreducible compo- 
nent of the curve C = {/s = 0} has the multiplicity 1. Hence we 
have three cases: C is an irreducible curve, C is an union of irreducible 
cubic and irreducible conic, C is an union of line and quartic. The 
corresponding log Del Pezzo surface is {E,D) = (P^, ^C). 

Consider the first case. Let the singularity of curve be worse then 
ordinary cusp. The reader will easily prove that Kf2 + + |/ ~q 
is not kit, where the straight line I passes through the singularity (in 
the cases of sing ularities {u^ + = 0, 0) C (C^, 0), where n = 4, 5 we 
take 1 = {u = 0}). 

Consider the second case. If the cubic and conic intersect with mul- 
tiplicity 2 in the point P then the same divisor is not kit, where the 
straight line / is a tangent of conic in the point P. 

Consider the third case. If / is a straight line of SuppC then the 
same divisor is not kit. □ 

Example 3.25. f = + z^xy + x'(x + y2)jfg^i_j(x, y^) = 
+z^xy + h(x, y). The rotation takes place through the unique part 
t"^ + z^xy + x^ . Therefore the coefficient of x^ is nonzero. A pit blow-up 
is the blow-up with weights (15,7,6,3). Then {E,D) = {t^ -\- zxy + 
h{x,y) C P(5,7,2,l),|{^ = 0}). There are the following 1,2,3,4 and 
6-complements: 3-complement D + ^{y = 0} and 6-complement D + 
+ = 0}. If i > 1 then 6-complement for /? = is 3-complement 
D + |C, where C = {t = x = 0}. The minimal complement index 
is equal to 3 . As in example |3.22| one can consider only the second 
complement. 

Let (3 = 0. If i = 3 (if Zi > 4 then the singularity is not canonical) 
then the singularity is not exceptional. Indeed, we have to show that 
(C^ „ B) is not pit, where B = {u^+vw+w^ = 0} + |{u = 0} + l{w = 
0}. Take a blow-up with weights (3, 4, 2). Then the exceptional divisor 
with discrepancy -1 appears, li i < 2 then {E,D + ^{x = 0}) is kit. 
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For example, prove it for i = 2. We claim that pair {Z,B) is kit, where 
Z = {u^ + vw + w'^ = 0} C (C^, 0) and B = l{v = 0}\z + |{w = 0}^. 
Take a blow-up with weights (1,1,1). Then the single exceptional 
divisor C with the discrepancy a{C, B) = — | appears. Also DiSc{B) = 

fPi + fPa + 1^3- Hence Kc + Diffc(5) is kit. Q.E.D. 

Let (3 = 1. For the same reason the singularity is exceptional if and 
only if j < 4. 

Answer. Canonical singularity is exceptional and 3-complementary 
if and only if i < 2 and j < 4. 

Singularities of type T4. These singularities are considered like- 
wise. To rotate Newton line (wt x > wty) there are four cases. For 
underlined parts all singularities are not well-formed or they belong to 
other cases. 

(A) /s G Aio. Then /s is equal to one of the following monomials: 
t^, t'^z, t'^x, t^y. Let us consider every monomial separately. 

1. After coordinate change we get f = + tg{z,x,y) + h{z,x,y). 
Since 1 G r+(/)° then /4 7^ 0. We have the following cases 
— z^x^ + x^, z'^x'^ + x^j/, z'^x'^ + x^y"^, z'^x'^ + x^y^; z^xy + x^, 
z'^xy + x^y; = (p4{z, x) is a binary form of degree 4, z'^ + zx^y, 
z* + x^y, z* + tx^, z^ + tx^y; z^x + zx'^y, z^x + x^y, z^x + tx^, 
z^x + tx^y] z^y + z^x^, z^y + tx^; tz^ + z^x^, tz^ -\- zx^ , tz^ + 
zx'^y, tz^ + x^y; z^x^ -|- azx^y + bx'^y'^, z^x^ + tz^x, z^x^ + tx^y\ 
tz^x + zx^y] tz^x + x^y^] /4 G M.2. The exceptional singularities 
of last case are classified in the theorem |3.28| . 

2. After coordinate change we get / = t^z + tg{x,y) + h{z,x,y). 
Then also 7^ 0. We have the following cases — /4 = ^^{z, x) is 
a binary form of degree 4, 2;^ -|- x^y, z'^ + x^, z^ + x^y, z"^ + x^y^, 
z'^ + tx^, z'^ + tx^y\ z^x + x^y, z^x + x^, 2;^x + x^y, z^x -|- x^y^, 
z^x + tx^, z^x + tx^y, + x^; z^y + x'*?/, 2;^?/ + zx^, + 2;^x^, 
z^y^tx^; z^x^ + x^, 2;^x^ + x^?/, z^x^ + x^?/^, z^x'^ + tx^y; z'^y'^ + x^; 
z^xy + x^, z^xy + x^y. 

3. After coordinate change we get / = t^x + tg{z,y) + h{z,x,y). 
Then also /4 7^ 0. We have the following cases — z'^ + x^y, z'^ + x^, 

4i4 d I 'i 2 A , 2 4i 44, 4, 22 

2; + X y, z + X y , z + zx y, z + zx , z + zx y, z + zx y , 
z^x + x^y^, z^x + x^ , z^x + x^y, z^x + x^y^, z^x + x^y^, z^x + x^ , 
z'^x + x^y, z'^x + x'^y'^, z^x + x^y^, z^x + x^y^, z^x + zx'^y, 
z^x + zx^ , z^x + zx^y, z^x + zx'^y'^; z^y + x^, z^y + x^?/, z^y + x^, 
z^?/ + x^y, z^y + x'^y'^, z^y + 2;x^, z^?/ + 2;x'^|/, z'^y + 2;^x^. 
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4. After coordinate change we get / = t'^y + tg{z,x) + h{z,x,y). 
Then also 0. We have the following cases — z'^ + x^, z'^ + zx^; 
z^x + x^, z^x + x^, z'^x + x^y, z^x + zx^, z^x + tx^. 

(B) /s G A^i- Then /s is one of the following polynomials: 

1- /s = fi'3(^? The rotation monomials are x^, x^, x'^y, zx^. 

2. /s = + The rotation monomials are x^, x^, x^y, x^, x^y, 
x^y'^, x'^, x^y, x^y"^, x'^y^, x^, x'^y, x^y"^, x^y^, x^y^, tx^, tx^y, tx^, 
tx^y, tx^y"^. The monomials zx^, zx^, zx^y^ tx^ are the subcases 
of monomials x^, x^, x^y^, x^ respectively. 

3. /s = + -2^1/. The rotation monomials are x'^, x*^, x'^y, zx^, tx^. 

4. /s = t^z + z^x. The rotation monomials are x^, x^, x^y, x®, x^y, 
x^y^, tx^, tx^, tx^i/. The monomial zx^ is a subcase of monomial 
x^. 

5. /s = t'^z + z^y. The rotation monomials are x^, x^, x^y, zx^, tx^. 

(C) /a G Ai2- Then after coordinate change /s belongs to one of the 
followings types: case (A), case (B) or a log canonical threshold c(/3) = 
1. In the last case by corollaries |2.18| , |2.19| {X, 0) is not exceptional. 

(D) /a G Ai-s- Then after coordinate change /s belongs to one of the 
followings types: case (A), case (B), case(C) or the general hyperplane 
section has log canonical singularities, i.e. (X, 0) is not exceptional. 

Example 3.26. f has a type f3(t, z) + y2f2(t, z) + (y^ + x2y)fi(t, z) + 
+f2(x^,y^). In this case we must assume that the bi- 
nary form f^{t,z) doesn't have the multiple irreducible fac- 
tors. This singularity is obtained by Newton line rotation 
for the case f^{t,z) + x^ G M.2- After some quasihomo- 
geneous coordinate change (see conventions in §4) we get 
/ = + ktz'^ +lz^ +t{ax'^y+by'^) + z{cx'^y+dy'^) +etzy'^ +x^'' f2-i{x'^ , y^) . 
Besides + |/| 7^ 0. A pit blow-up is the blow-up with weights 
(4,4,3,2). Then {E,D) = {f{t,z,x^/\y) C P(2, 2, 3, 1), i{x = 0}). 
There are the following 1,2,3,4,6 complements: D + |{y = 0}; 
|{x = 0}; D + \{at + l3z + -iy^ = Q}- D + \{y = + \{at + I3z = Q}. 
Since the coefficient of x^ is nonzero then it is enough to consider the 
second and the third complement (7 = 0). 

Let e ^ 0. Assume that / = 0(fc 7^ 0) & z{cx^y + dy^) = & i = 2 
then = ^{t = 0} + |{x = 0} is non-kit 4-complement. 

Let e = 0. U \b\ + \d\ = L i > 1 then = |{x = 0} is non-kit 
4-complement. For e 7^ the previous condition on the exceptionality 
remains only necessary one. Moreover = j{t + az = 0} + ^{x = 0} 
is non-kit 4-complement if i = 2 & G.C.D(t^ + ktz"^ + lz^,t{ax'^y + 
hy^) + z{cx'^y + dy'^)) = t + az. 
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Example 3.27. f = t^x + z^y + x^ + zxy^. A pit blow-up is the 
blow-up with weights (16,11,8,7). Then {E,D) = {f{t,z,x,y) C 
P(16, 11, 8, 7), 0). Let us consider the neighborhood of the point (0:0: 
: 1) in some chart. Then {C^,S+^T) = {C^^^ ^, {u'^w+v^+w^+vw = 
0} + ~ '-'}) P^^- Indeed, take a blow-up ■?/' with the weights 

(1,2,4). Hence the singularity is not exceptional. The singularities of 
such kind have the complex structure. For example, in our case {S, 0) 
is Du Val point of type A5. So to prove the exceptionality we have to 
consider the inductive blow-up. 

In the capacity of the example let us show that (C, B) = 
(C, Diffc(iT')) is kit in our case, where C is an exceptional curve 

of blow-up ipls'- ^ ~^ ^ ^ proper transform of T' = T\s. 

The curve (C C P) = {uw + + vw C P(l, 1, 2)) is not well-formed. 
Therefore we can't use the results p.l2| to calculate {C,B). The sin- 



gularities of S are [u"^ + + v C C^_^ ,„)/Z4(-l, 2, 1) = A3 and 
{u^w + 1 + W C C3 ,^,„)/Z2(l,l,0) = Ai. Since deg^f' = 3 and 
f'nSing5 = 0then {C,B) = (P\ fPi + + f ^3)- Q-E.D. 

Theorem 3.28. Let f = + f4{z,x,y) gives a canonical singularity 
{X,0), where is a homogeneous polynomial of degree 4- Then p = 
{4, 3, 3, 3) -blow-up induces a pit blow-up 0/ (X, 0) and {E,D) = (t -\- 
Uz,x,y) cP(4,l,l,l),|{t = 0}) = (P2,|C), whereC = {U = 0}. 
Then {X, 0) is exceptional if and only if one of the following possibilities 
holds. 

1. The curve C G F'^ is irreducible. Its singular points can be only 
ordinary double points. 

2. Curve C (ZF^ is the union of two irreducible conies which inter- 
sect in 4 distinct points. 



Proof. This theorem is proved as theorem 3.24 □ 



4. Classification of three-dimensional exceptional canonical 
hypersurface singularities 

The general comment to the tables. The classification of excep- 
tional singularities is given in the tables of the following view. In the 
first column the singularity number is written. In the second column 
the singularity equation and the exceptionality condition are written. 
Almost in all cases the polynomials, that are grouped according to the 
similar log Del Pezzo surface {E, D) (see P.12D , are written. In the third 



column corresponding log Del Pezzo surfaces are written. In the upper 
row the well-formed hypersurface C P is written. If E' is a linear 
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cone (i.e. d = for some k) then E = P(ai, . . . , flfc-i, Ofc+i, • • • , dn) 
is written in the second row. As well the different D is written in 
the second raw. The notation is Diff = 32^, 3^). In the 

fourth column the minimal complement index is written. Let us con- 
sider the second column again. Different cases in it are separated by 
a comma or by a semicolon. If it is a comma then the following sin- 
gularity has the same minimal complement index as the previous one. 
If it is a semicolon then the following singularity has the next minimal 
complement index. Also in the description of different cases we use 
usual logical symbols: & - "and", || - "or". For example, the nota- 
tion |(n = 4; 5) & 6 7^ I ... I 2,4| means that in the case n = 4 and 
6 7^ there is 2-complement, but in the case n = 5 and 6 7^ there 
is 4-complement. The symbol ||| also means the logical "or", but it is 
used to separate the polynomials (monomials) only. For example, the 
notation h + {x^ \\\ x^y) means that we have to consider two cases: 
h + x^, h + x'^y. The exceptionality conditions are also separated by 
the symbol |||. 

Very often the conditions that the singularity is canonical are not 
written. The reader can find them himself. The nonisolated singu- 



larity components can be founded with the help of lemma 2.2. By 



theorem |2]^ the singularity is canonical if and only if it has Du Val 
singularities along all components. As well the requirement that singu- 
larity is normal - codimc4 SingX > 3 must be taken into account. For 
example, the singularity given by (t^ — tg{z, x, y) + ag^{z, x, y) = 0, 0) 
is nonnormal if a = ^, 

If we know the minimal complement index then the required com- 
plement can be easily found. 

Quasihomogeneous transformations. Let the quasihomoge- 
neous singularity with weights p and degree d is given. It can happen 
that there exist a lot of monomials corresponding to this weighting. 
On the quasihomogeneous part of the weighting the group of quasiho- 
mogeneous biholomorphic maps naturally acts. It is denoted by H{p). 
Therefore the classification problem is reduced to describe the orbits 
of action and to find most simple element of every orbit. The general 
method that can be applied is given in [0. The group H{p) is gen- 
erated by the toric and unipotent parts. The toric part is the linear 
transformations of coordinates. The unipotent part is the quasihomo- 
geneous coordinate change of form a 1 — > a + h{(3, 7, 6). In our three- 
dimensional case the singularities don't have the complex structures. 
Therefore it is easy to find which transformations must be applied. 
In the tables the most convenient form of singularity is given. After 
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this we separate to those orbits which have different conditions on the 
exceptionality. 

Conventions. According to described above we introduce the fol- 
lowing conventions. 

(A) If g[z,x,y) doesn't depend on z then sometimes we use the 
abridged notation g{x,y). In the third column g{z^^'^'^,x^^'^^,y^/'^'^) is 
not often given in details because it takes much place in the table. 

(B) In the second column the notation n = 3i<2, 4i<l means the 
following condition. If n = 3 then the condition on the exceptionality 
is i < 2, but if n = 4 then the condition on the exceptionality is i < 1 
(let us remember that they have the same complement index). 

(C) The notation i,j<l is equivalent to i < 1 & j < 1. 

(D) fn{x, y) is a binary form of degree n. In the notation of singular- 
ity equation the several binary forms are both denoted by the same one. 
We can consider that they are always different, i.e. doesn't depend on 
each other. 

Consider notation x"''^fn-i{x"',y'^)- One always assumes that the co- 
efficient of monomial x"""^ is nonzero. If there is no coefficient before 
a binary form then we always suppose that the coefficient of x"" is 
nonzero. Let a = 1 and the remaining part of /' doesn't depend on x 
(i.e. G.C.D(/',a;) = 1). Then we suppose that the irreducible factors 
of fn-i{x,y'') have the multiplicities at most i. 

(E) Consider notation x'^{x+y''y fn-i-j{x, y'^). Let the remaining part 
of /' depends on x and doesn't depend on x + y'^ (i.e. G.C.D.(/',a; -|- 
y^) = 1). Then we suppose that the irreducible factors of fn-i-j{x,y^) 
have the multiplicities at most j. 

(F) Consider notation cx'"'(x'" + y^y fn-i-j{x°',y'^)- The presence of 
coefficient c means that the coefficients of binary form are arbitrary. If 
i + j > n then c = 0. If i + j < n then c ^ 0. If there is c 7^ in the 
exceptionality condition then we always suppose that the coefficient c 
is absent (in other words the coefficient of a;"" is nonzero). Let a = 
1. If the remaining part of singularity doesn't depend on x then the 
irreducible factors of fn-i{x,y'') have the multiplicities at most i. If it 
depends on x, but not on x + y'' then the irreducible factors have the 
multiplicities at most j. 

(I) It can happen that the quasihomogeneous polynomial has more 
then one part of type At 2, which belongs to Newton hue rotation list. 
They have the common part of type Aii and differ by some monomials. 
In the nontrivial cases their coefficients will be underlined. Assume that 
k coefficients are underlined. Then we must consider k cases. In each 
one the corresponding coefficient is absent. It is of a great importance 
for the binary forms (see (D)-(F)). 
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(J) If there is a footnote in the first column and in the second raw 
then the exceptionahty condition is given at the end of the correspond- 
ing table. 

(K) The condition on the exceptionality is written for all common 
components. 

Example 4.1. (1) / = t'^ + + azx' f5-i{x,y'^) + byx^ f7-j{x,y'^). The 
exceptionality condition i < 2 \\ j < A (see example |3.20[ ) has the 
following meaning. Assume that x + cy"^ has the multiplicity ii in 
f5-i{x,y'^) and the multiplicity ji in fT_j{x,y'^). Then the exception- 
ality condition means that «i < 2 || ji < 4. Recall that if a = or 
6 = then according to the point (F) one assume that i > 5 or j > 8 
respectively. 

(2) / = t'^ + z^x + x^{x + y'^y f^-ii^Xjy"^). The exceptionality condition 
is i < 1 & j < 3. Here the remaining part t"^ + z^x depends on x. 
Therefore the condition i < 1 is fixed and the requirement j < 3 as in 
the previous point means that the multiplicity of any irreducible factor 
of f5-i{x,y'^) is at most 3. 
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1. Singularity - + + g{z, x, y) 







log Del Pczzo surface 


Index 


1 


x' + azy"" + by"" 

Tl — Z, O, D, D 


t^ + z-' + X + azy" + by" C P(3, 2, 6, 1) 


7 


2 


x' + azy'" + by^" 
It — o, Of y, 11, lo 


t + z-" + x + azy^ + by"" C P(3, 1, 3, 1) 


7,8,14 


3 


x' +t/^",n = 4,5;8; 

in 11 1^-lf^ 17 1Q 90 

lu, 11, lo, ID, 1/, ly, zu 


t^ + « + a; + 3/^ CP(1,2,2,1) 


7,9,15, 

91 
Zl 


4 


x' + y" 

1 1 ■ 1 1 7- 1 Q- 

lb — 11, lo, 1/, ly, 
23;25;29;31;37,41 


t + « + a; + yCP(l, 1,1,1) 

"niff—/! 2 6 n-l\ 
r , Ultt-(^2' 3' 7' 


12,14,18, 

91 9/1 9 R 
Zl,Z^,Zo, 

30,36,42 


5 


T*^ ■ ( IT 7/*^ ^ 

d, y ) 
i < 3 


P(7,2,l), Diff=(0, 2,0,0) 


3 


6 


azy^x'-f4-i{x,y^) + 

X j7-](X,y ),t ^ 0||J ^ 4 


t + «^ + <;(2,.T,:y) CP(21,7,3,1) 

w(7 ^ 1 I'jiff— n n n"! 
r^^,j,ij, jjin— 1 u, u, 


2 


7 


x''f7-i{x,y'^) 
i < 5 


+ 2 + x77-.(^-, y") c P(7, 14, 2, 1) 

¥(7 9 T)^ff—(() - n I) 


3 


8 


x'fr-.{x,y'') 
i < 5 


t + z + x'fr-^{x,y) C P(7,7,l,l) 
P(7,l,l),Difr=(i,2,0,|) 


6 


9 


a;' -)- ax^y" + bxy''" 
n = 5 6 / 0; 7, 11; 13, 17 


t ^ z x' + ax'^y + bxy'' C P(7, 7, 1, 3) 

P(7,l,3), Diff=(i,2,0,^)' ' 


6,12,18 


1 n 


_|_ ^t''-;/^" -1- ?rr7/"'" 

n = 2 6^0;4,5,7,8 


i -t z -t yyz, d,, y ji— ir^/, i^:, z, oj 
P(7,2,3), Diff=(0,2,0,2^) 




11 


-(_ xy" 
n=7;ll;13;17;19; 
23; 25,29;31,35 


f J- 7 + r ' + rv r W(7 7 ^ (\) 
P(7,l,6), Diff=(i,|,0,ii^) 


8,12,15, 
18,22,24, 
30,36 


12 


x'^+'h-i{x\y-) 
n = 5 i < 1; 7, 11 


t + « + 5(z,a;,j/^/") CP(7,7,1,2) 
Pf7 1 2) Diff=fi - — ) 


6,12 


13 


azy"x^'f2-^{x^y'") + 
ij = 0;n = 3 i < l||j < 2 


t + 2^+g(2,x,yi/") CP(21,7,3,2) 
P('7 3 2"! IiiS=(- ""^1 


2,4 


14 


x' + x^y",n = 7; 11; 
13; 17; 19, 23; 29 


f + z + r' + r^i/ r P('7 7 1 51 
P(7,l,5), Diff=(i,|,0,ii^) 


9,12,16, 
18,24,30 


15 


r'^ + n^T'^ii^" + br'-^ifi" 
n = 2 6^0;3,4 


b -t z -\- yyz, X, y ; I^^J-i J-^j "i ^7 
Diff=(0,0,0,ii^) 


4 5 


1 fi 


'r-'^ 4- nr-r^i/" -I- h-r^i/'^" 
X utZiX y y 

n — 3 6 ^ 0- 7 9 


f 4- 1 / -j/l/'^'l Ff'91 7 '^'t 
i -]- z ~\- g[z,x,y ji^iryz,!, (,o,o) 

¥(7 3 5) Diff— (- 




17 


x' +x'y'" 
n = 4,7, 8; 11, 13, 14 


t^ + z + x' + x^y" C P(7, 14, 2, 5) 
P(7,2,5), Diff=(0,§,0,2^) 


9,15 


18 


a-^ + azx^y^" + 
+bx-'y-^",n = 3,5,7 


t + z-^ + g(z, X, y^/") C P(21, 7, 3, 4) 
P(7,3,4), Diff=(i,0,0,2;^) 


8 


19 


+ x'^'y" 
n = 7; 11; 13, 17; 19,23 


t + z + x- ' + x-'y C P(7, 7, 1, 4) 
P(7,l,4), Diff=(i,|,0,^) 


10,12,18, 
24 


20 


a;' +zy"-,n = 5; 9; 11, 
13; 15; 17, 19; 23, 25,27 


t + a^ + x + «yCP(3, 1,3,2) 
P(l,3,2), Diff=(i,0,f,ii^) 


7,10,14, 
16,22,28 


21 


x' +zxy''"',n = 3,4,5; 
6,7,8,9, 10 


+ + x ' + zxy^ C P(21, 14, 6, 11) 
Diff=(0,0,0,2^) 


5,11 


22 


x' +zxy'^,n = 5, 7; 9; 


t + z-" +x ' + zxy C P(21, 7, 3, 11) 


8,10,16, 
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13,15; 17, 19,21 


P(7,3,ll), Diff=(i,0,0,^) 


22 


23 


x' + zx^y",n = 5,7,9; 
11,13,15 


t + z-' + x' + zx^y C P(21, 7, 3, 8) 
P(7,3,8), Diff=(i,0,0,^) 


10,16 


24 


x'y^ U-i-j{x,y) 
i = j = l 


+ z + g{z,x,y) CP(4,8, 1,1) 
P(4,l,l), Diff=(0, 1,0,0) 


3 


25 


a;« + azy^" + by"" 
n = 3,5;7 


t^ + z'-" +x^ + azy'' + by" C P(3, 2, 3, 2) 
Diff= (0,0,1,2^) 


5,8 


26 


x^ + y- 
n = 11; 13; 17; 19; 23 


t^ + 2 + x^+2/CP(l,2,l,2) 
P(l,l,2), Diff=(0,2,|,ll^) 


12,13,18, 
21,24 


27 


azy X fi-i{x ,y ) + 
x*^f2-,{x\y'->),i = 0\\j ^0 


e + z^ + g{z,x''\y'^') C ¥{3,2,3,1) 
Diff=(0,0,|,2) 


4 


28 


x" + ax^y" + by"" 
n = 5 67^0;7;11 


+ Z + X-' + axy + by' C P(l, 2, 1, 1) 
P^Diff=(0,2,|,Ii^) 


6,9,12 


29 


x^'f4-j{x\y'),i<l\\j <l 


^^ + z=*^-5(^,x^/^^/)cP(6,4,3,l) 
Diff=(0,0,i,0) 


2 


30 


x'f8-i{x,y^) 
i < 4 


f" + « + xV8-i(a;,3/) CP(4,8,1,1) 
P(4,l,l), Diff=(0,|,0,i) 


3 


31 


x''f4-i{x\y'') 
i < 2 


t" + z + a;74-i(x,2/) CP(2,4,1,1) 
P(2,l,l), Diff=(0,|,i,|) 


6 


32 


a;'* + a;y",n = 8;10; 
11; 13; 16,17; 19,20 


t^ + z + a:'* + a:y CP(4,8, 1,7) 
P(4,l,7),Diff=(0,2,0,^) 


9,10,12 
13,18,21 


33 


a;** + azx-^y'^ + bxy^"" 
b / 0&(n = 3, 4); 5, 6 


t^+z^ + 5(z,x,2/^/") CP(12,8,3,7) 
Diff=(0,0,0,2^) 


4,7 


34 


n= 7; 11; 13; 17 


t^'+z + a^^+a^y CP(2,4, 1,3) 
P(2,l,3), Diff=(0,|,i,^) 


7,12,15, 
18 


35 


a;** + ax^'y"' + bx^y^" 
&/0&(n = 4,5);7,8 


t'' + z + x'^ + ax''y + bx^y^ C P(4, 8, 1, 3) 
P(4,l,3), Diff=(0, 2,0,11^) 


6,9 


36 


x*^ +x-^y" 
n = 7; 8; 11; 13, 14 


+ z + x^ + x^y C P(4, 8, 1, 5) 
P(4,l,5),Diff=(0,2,0,^) 


7,9,12 
15 


37 


x^ + azx'^y'^"+ 
+bx^y^",n = 3,4 


t^+z^ + 5(«,a;,3/''") CP(12,8,3,5) 
Diff=(0,0,0,2^) 


5 


38 


x» + zy" 
n = 7; 9; 11, 13; 15 


+ z'' + x^ + zyC P(3, 2, 3, 4) 
Diff=(0,0,|,^) 


7,10,13, 
16 


39 


+ zxy",n = 5; 6, 7; 
8,9, 10; 11, 12 


i'' + z'' +x'' + zxy C P(12, 8, 3, 13) 
Diff=(0,0,0,^i^) 


5,7,10, 
13 


40 


x« + ^,x'^;y" 
n = 7;9 


+ + + zxy C P(6, 4, 3, 5) 
Diff=(0,0,i,^) 


7,10 


41 


cc'y + j/" 
n = 11; 13; 17; 19; 23; 
25;31;35 


t + z + xy + y"" C P(n,n,n- 1,1) 
P(n,n-l,l), Diff=(i,|,f,0) 


12,15,21, 

22,28,30, 
36,42 


42 


aj^y + o«y*"+ 
+by'^",n = 2,3,4,5 


P + 0^ + g{z, x^l\ y) C P(3ri, 2n, 6n - 1, 1) 
Diff=(0,0, f ,0) 


7 


43 


X y + azy + 
+6y-^",n = 3;7;9, 11 


t + 2^ + g{z, x^'^ , y) C P(3n, n, 3n - 1, 1) 
P(n,3n-l,l), Diff=(i,0, f,0) 


7,8,14 


44 


x'2/ + y^",n = 5;7, 
8; 10, 13; 14, 16, 17 


+z + xy + y'" C P(n, 2n, 2n - 1, 1) 
P(n,2n-l,l), DifF=(0,2,f,o) 


7,9,15, 
21 


45 


azx'-frj-i(x,y^) + 
+byx^f7-j{x,y'^) 


t + z'' + g{z,x,y) CP(15,5,2, 1) 
P(5,2,l), Difr=(i, 0,0,0) 


2 



43 





i<2||j<4 






46 


yx'fr-i{x,y') 
i < 5 


t' + z + g{z,x,y) C ¥{11, 22,3,1) 
P(ll,3,l), Diff=(0,2,0,0) 


3 


47 


yx''f7-iix,y^) 
i < 5 


t + z + g(z, X, y) C P(29, 29, 4, 1) 
P(29,4, l),Diff=(i, 2,0,0) 


6 


48 


x' y + xy"" ,n = %; 12; 
14; 18; 20; 24, 26; 30 


t + 2 + g{z, X, y) C P(7n - 1, 7n - 1, n - 1, 6) 
P(7n - 1, n - 1, 6), Diff=(i, §, o, 0) 


9,15,16, 

22,24,30, 
36 


49 


x'y + ax''y'^+' +hxy'"+' 
n = 4 6 / 0;8, 10; 14 


t + z + g{z, X, y) C P(7n + 3, In + 3, n, 3) 
P(7n + 3,n,3), Difr=(i, 2,o,0) 


6,12,18 


50 


n = 2 6 / 0:3, 5,6 


+z^ g{z, X, y) C P(7n + 5, 14n + 10, 2n + 1, 3) 
r{7n + 5,2n + 1, 3), Diff=(0, §, 0, 0) 


3,9 


51 


(ii = :',.^)K-i < 1;9 


t + z + g(z. X. y) C F(7n + 2. In + 2. n. 2) 
P(7(( + 2, ;i. 2), DiH = (i. 2,0, 0) 


6.12 


52 


+yx'^+'f3.j{x\y') 


t + Z-' + g{z,x,y) C P(51,17,7,2) 
F(17, 7,2), Diff=(i, 0,0,0) 


4 


53 


x'y + 
n = 7; 9; 13; 15; 19; 25 


t + z + g{z, X, y) C P(7n - 2, 7n - 2, n - 1, 5) 
P(7n-2,n-l,5), Difr=(i, 2, 0, 0) 


9,10,16, 
18,24,30 


54 


n = 5, 6; 9, 11,12 


+ Z + g{z, X, y) C P(7n - 1, 14n - 2, 2n - 1, 5) 
P(7n - 1, 2n - 1, 5), Diff=(0, 2, 0, 0) 


9,15 


55 


+fa;"/"+-',7'i = 2,3 


t + z-' +gc P(42n + 33, 14n + 11, 6n + 4, 5) 
P(14n + 11, 6n + 4, 5), Diff=(i, 0, 0, 0) 


10 


56 


x'y + a2;x'='i/^"+-' + 
+&a:V""^^n = l &/0;2,3 


i'' ^-z-" + gC P(21n + 6, 14n + 4, 6n + 1, 5) 
Diff = 


4,5 


57 


x'y + x-^y" 
n = 8; 10; 14, 16; 20 


t + z + g{z,x,y) C P(7n - 3, 7n - 3, n - 1,4) 
P(7n - 3, n - 1, 4), Diff=(i, 2, o, 0) 


10,12,18, 
24 


58 


x'y + 02X^2/^"+ 

+6a;^j/^", n = 4,6 


t + z'^ + g{z, X, y) C P(21n - 3, 7n - 1, 3n - 1, 4) 

P(7n - l,3n - 1,4), Diff=(i, 0, 0, 0) 


8 


59 


x'y + zy", n = 7;9; 
11; 13; 15, 19; 21, 23 


t + z-' + xy + zy" C P(3n, n, 3n - 2, 2) 
P(n.3n-2,2), Diff=(i, 0, f , 0) 


8,10,14, 
16,22,28 


60 


a;'?/ + zxj/" 
n = 6; 10, 12, 14; 16, 18 


t + z'^ + g{z,x, y) C P(21n - 3, 7n - 1, 3n - 2, 11) 
P(7n- l,3n-2, 11), Diff=(i, 0, 0, 0) 


8,16,22 


61 


x'y + zxy'"'+' 
n = 2, 3, 4; 5, 6, 7, 8 


i-' +Z-' +gC P(21n + 9, 14n + 6, 6n + 1, 11) 
Diff = 


5,11 


62 


x'y + zx''y" 
n = 5, 7, 9; 11, 13 


t + z-^ + g{z, X, y) C P(21n - 6, 7n - 2, 3n - 2, 8) 

P(7n - 2, 3n - 2, 8), Diff=(i, 0, 0, 0) 


10,16 


63 


azx^y"^^ f(,-i-i^{x,y) + 
(i = l||j<2)&(ii = l||ji <2) 


t + 2^+5(«,a;,y) CP(9,3,1,1) 
P(3,l,l),Diff=(i, 0,0,0) 


2 


64 


ax" + bzx° + y^" 
n = 5; 7; 8 


t'' + a-" + ax" + hzx'' +y' C P(3, 2, 2, 3) 
Diff=(0,0,2,ii^) 


5,7,9 


65 


ax'' + hzx" + ir 
n = 11; l:i: 17 


t + + + y + bzx^ C P(3, 1, 1. 3) 
P(LL:!), DiH = (i,0,2,^) 


12,14.18 


66 


azx''^ f2-i{x'\ 2/") + 
+bx''f3.,{x\y^),i = 0\\j < 1 


e+z'+ g{z, x"'-\y"'') C P(3, 2, 2, 1) 
Diff=(0, 0,2,1) 


3 


67 


azx-^^f2-i{x-^,y^)+ 
+bx^'h-j(x^y^),i<l\\j <1 


t + 2^ + ff(2,x^/•^ y^/") C P(3, 1, 1, 1) 
P^ Diff=(i, 0,2,1) 


6 


68 


ax^ + hzx*^ + xy" 


t + z-" +ax'' + xy + bzx" C P(9, 3, 1, 8) 


10,12,14, 
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n = 9; 11; 13; 15 


P(3,l,8), Diff=(i,0,0,2^) 


16 


69 


n = 5 i = 0||j = 0; 7 


4 + 2^ + 5(2, X, y^'") C P(9, 3, 1, 4) 
P(3,l,4), Diff=(i,0,0,2-i) 


6,8 


70 


bx^'+'f4-j{x\y^),i<l\\j <1 


4 + 2^ + 5(2,2^,2/'^') CP(9, 3, 1,2) 
P(3,l,2), Diff=(i, 0,0,1) 


4 


71 


ax^ + bzx^ + 2:^2/^"- 
n = 4,5;6 


t^ + 2^ + 5(2,x,y^/") CP(9,6,2,7) 
Diff=(0,0,0,^) 


5,7 


72 


ax^ + 6«a;® + x^y" 
n = 9; 11; 13 


i + 2='+5(2,a;,2/'''") CP(9,3,1,7) 
P(3,l,7), Diff=(i,0,0,^) 


10,12,14 


73 


azx"' h-,{x\y") + 
6x^^■+Vl-J(2■^y"),^^ = 7;ll 


^ + 2^+5(2,x^/^y^/") CP(3,1,1,2) 
P(l,l,2), Diff=(i,0,2,2^) 


8,12 


74 


dx-' + azxy^" + + 
(n = 3 a 7^ 0; 4)&|d| + |c| / 


e + z-' + g{z, X, yi/") C P(9, 6, 2, 5) 
Diff=(0,0,0,ii^) 


3,5 


75 


dx^ + azxy" + bx*'y" + czx*", 
(n = 7;9)&(|a| + |6| 7^0 |d| + |c| ^ 0) 


t + 2^ + <7(2,x,yi/") CP(9,3,1,5) 
P(3,l,5), Difr=(i,0,0,^) 


8,10 


76 


x»y + 2/^" 

n = 5,8 


t^ + z + xy + y^" C P(n, 2n, 2n - 1, 1) 
P(n,2n-l,l), Diff=(0,2,2,o) 


9 


77 


x*'^ + nzy^'' + 
= 2, :! 


+ z'^ + (/(z. x^^^, y) C P(3n. 2fi. 6n - 1. 1) 
l)itt = (0,(), '^. 0) 


8 


78 


x'^y + y^" 
n = 7; 10 


t'-' + z + xy + y-"' C P(n, 2n, 2n - 1, 1) 
P(n,2n- 1,1), Diff=(0, |, 1,0) 


9,24 


79 


yx /2-i(x ,2/ ) 
n = 6 t = 0; n = 10 i < 1 


f +z + g{z,x^^'\y) C P(2n - l,4n - 2, ri - 1,2) 
P(2n- l,n- 1,2), Diff=(0, §, 1, Q) 


3,12 


80 


a2'^/^V7l_.(x^2/^) + 
+yx^i f2-Ax\v''), i = 0||j<l 


+z^+ g{z, x^/", y) C P(15, 10, 7, 2) 
Diff=(0,0,i,0) 


4 


81 


yx''h-i(x',y') 
i < 2 


t" + 2 + 3(2,x,2/) CP(13,26,3,2) 
P(13,3,2), Diff= (0,2,0,0) 


3 


82 


yx'fs-i{x,y''') 
i < 5 


t + z + g{z,x,y) C P(17, 17,2,1) 
P(17,2, 1), Diff=(i, 2,0,0) 


6 


83 


x'^y + xy" 
n = 9;10; 12,16; 13; 18 


t + z + g{z, X, y) C P(8n - 1, 8n - 1, n - 1, 7) 
P(8n- l,n- 1,7), Diff=(i, 2,0,0) 


10,12,18, 
30,42 


84 


x^y + azx^y''+' + hxy^'^+'^ 
n = 3 6 / 0;4,5 


t + z-' + g(z,x, y) C P(24n + 15, 8n + 5, 3n + 1, 7) 
P(8n + 5,3n + l,7), Difr=(i, 0, 0, 0) 


4,14 


85 


x«?/ + x'lr 

11 = 8. 12, 11 


f'-' + z + g(z. X. y) C P(4r) - 1, %n - 2, ri - 1, 6) 
P(l((- i. ii - DiH = ((), 2,0, 0) 


9 


86 


X y + ax y + bx y 
(n = 4,5)& b/0;7 


t + z + g{z,x,y) C P(8n + 3, 8ji + 3, n, 3) 
P(8n + 3,n, 3), Diff=(i, §,0,0) 


6,18 


87 


x'*2/ + x''y" 
n = 7,8, 10; 13 


t + 2 + 5(2, X, y) C P(8n - 3, 8n - 3, n - 1, 5) 
P(8n - 3, n - 1, 5), Diff=(i, 2, 0, 0) 


12,30 


88 


x^y + azx^y^" + bx-'y'" 
n = 3,4 


t + z-" + g{z, X, y) C P(24n - 3, 8n - 1, 3n - 1, 5) 
P(8n - 1, 3n - 1, 5), Difr=(i, 0, 0, 0) 


10 


89 


x'^y + 
n = 7, 9; 11, 13 


+z-'+ x^y + zy" C P(3n, 2n, 3n - 2, 4) 
DifF=(0, 0,1,0) 


5,16 


90 


x**3/ + 2X2/" 
n = 6,7,8,9; 10, 11 


t + z-^ + g{z, X, y) C P(24n - 3, 8n - 1, 3n - 2, 13) 
P(8n- l,3n-2, 13), Diff=(i, 0, 0, 0) 


10,26 


91 


x*^y + zx''y"- 
n = 5,7 


t'' + 2^ + 5(2, X, y) C P(12n - 3, 8n - 2, 3n - 2, 10) 
Diff = 


10 
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92 


x'y-" + 1/" 
n = 11; 13; 17; 19; 25; 29 


t + z + xy-'+y'' C P(n, n, n - 2, 1) 
P(n,n-2,l),Diff=(i,§,f,0) 


15,18,24, 

28,36,42 


93 


n = 5; 7; 11; 13 


+ z + xy' + y^" C P(n, 2n, 2n - 2, 1) 
P(n, 2n - 2, 1), Diff=(0, |, f , 0) 


7,9,15, 
21 


94 


n = 5;7 


t^ + z + xy'' + y^" C P(n, 2n, 2r - 1, 1) 
P(n,2n-l,l),DifF=(0,|,f,i) 


15,21 


95 


x'^y'^ + azy^" + by^" 
n = 5; 7, 9 


t + z^ + g{z, x^l'' , y) C P(3n, n, 3n -2,1) 
P(n,3n-2,1), Diff=(i, 0, f , 0) 


8,14 


96 


x'y' + azy^'^ + by'''" 
n = 1,2 


+z'^ + g{z, a;^/^, y^^'^) C P(3n, 2n, 6n - 1, 1) 
Diff=(0,0,f,i) 


7 


97 


7 2 1 12 1 7 18 

X y + azy + by 


f + z-^ + g{z, x^l\ y) C P(9, 6, 16, 1) 
Diff=(0,0,f,0) 


7 


98 


y'x'fr-i{x,y') 
i < 4 


t^ + « + ya:7r_,(a;,j/) CP(4,8,1,1) 
P(4,l,l), Diff=(0,|,0,i) 


3 


99 


2/V/7-i(x,2/^) 
i < 5 


t + z + g(z, X, y) C P(23, 23, 3, 1) 
P(23,3, l),Difr=(i, 2,0,0) 


6 


100 


x'y^ + xy" 
n = 9; 13; 15; 19, 21; 25 


t + z + g{z, X, y) C P(7n - 2, 7n - 2, n - 2, 6) 

P(7n-2,n-2,6), Diff=(i, |, 0, 0) 


12,18,22, 

30,36 


101 


x''^'y'f2M'-^-\yn 
n = 2 i = 0;4 i < 1 


+ Z + g{z, X, y) C P(7n + 3, 14n + 6, 2n, 3) 
P(7n + 3, 2n, 3), Diff=(0, |, 0, 0) 


3,9 


102 


x'y" +ax'^y^'^ + bxy-''' 


+ Z + x'y + ax^y" + bxy'' C P(19, 38, 5, 3) 
P(19,5,3), Diff=(0, 2,0,1) 


9 


103 


x'y' + ax''y''+' + bxy'" 
n = 6,S; 12 


t + z + g{z, X, y) C P(7n - 1, 7n - 1, n - 1, 3) 
P(7n- l,n- 1,3), Diff=(|, 2, o, 0) 


12,18 


104 


n = 3i<l;7j<2 


t + z + g{z, X, y) C P(7n + 4, 7n + 4, n, 2) 
P(7n + 4,n,2), Diff=(i, 2,0,0) 


6,12 


105 


azy'x'^f2-^{x',y') + 
+y^x'^+^f-s-A'^^y") 


t + z'-' + g(z, X, y) C P(39, 13, 5, 2) 
P(13,5,2), Diff=(i, 0,0,0) 


4 


106 


x'y" +x''y" 
n = 9; 11; 15; 21 


t + z + g{z, X, y) C P(7n - 4, 7n - 4, n - 2, 5) 
P(7n- 2,n-2,5), Difr=(i, 2,0,0) 


12,16,24, 
30 


107 


x'y' + x'y^- 
n = 2;5 


+ Z + x'y + x'^y^" C P(7n - 1, Un - 2, 2n - 1, 5) 
P(7n - 1, 2n - 1, 5), Diff=(0, |, 0, |) 


9,15 


108 


n = 7;9 


t'' + z + g{z, X, y) C P(7n - 2, 14n - 4, 2n - 2, 5) 

P(7n - 2, 2n - 2. 5), Diff=(0, |, 0, 0) 


9,15 


109 


x'y-^ + azx^y^"^^ + 
ri = 4,6 


t + z'' + g(z,x,y) C P(21re + 3, 7n + 1, 3n - 1,5) 
P(7n + 1, 3n - 1, 5), Diff=(i, 0, 0, 0) 


10 


110 


j-'jy- +0,2,7; 


t'^ + Z-' + g{z. X. y) C ?(33. 22. 8. 5) 
Ditt=0 


4 


111 


xJ + azx'^y^' 
+bx'y^'' 


e + z''+ g{z, X, y^'"') C P(27, 18, 7, 5) 
Diff=(0,0,0,i) 


5 


112 


x'y-'+x-'y" 
n = 7; 11, 13; 17 


t-\-z + g{z, X, y) C P(7n - 6, 7n - 6, n - 2, 4) 
P(7n-6,7i-2,4), Diff=(i, 2,0,0) 


10,18,24 


113 


/ 2 1 2 2n 

X 1/ + azx y + 
+6xV",'^ = 3,5 


t + z-' + g{z, X, y) C P(21n - 6, 77-1 - 2, 3n - 2, 4) 
P(7n - 2, 3r7 - 2, 4), Diff=(i, 0, 0, 0) 


8 


114 


V 2 1 n 

,T 7/ + z y 
11 = 7; 9; 11; i,5; 17. 1!) 


f + + xy^ + zy" C P(3fi, 37) - 4, 2) 
P(;i,37), - i, 2), Ditt: = (i,0, ^,0) 


10,14.16, 
22,28 


115 


x'y' + zxy""*'' 
n = 1;2,3 


f + z-^+ g{z, X, y^''^)C P(21n + 9, 14n + 6, 6n + 1, 11) 
Difr=(0,0,0, i) 


5,11 



46 



116 


x'y'' + zxy" 
n = 7;9, 11;13, 15 


i + + g{z, x, y) C P(21n - 6, 7n - 2, 3n - 4, 11) 
P(7n - 2, 3n - 4, 11), Diff=(i, 0, 0, 0) 


10,16,22 


117 


x'y' + zxy""" 
n = 2;3 


+ z-'+ g{z, X, y) C P(42n - 3, 28n - 2, 12n - 4, 11) 
Diff = 


5,11 


118 


x'y^ + zx^y^ 
n = 5, 7; 9, 11 


* + gr(2, a;, j/) C P(21n - 12, 7n - 4, 3n - 4, 8) 
P(7n-4,3n-4,8), DifF=(i, 0, 0, 0) 


10,16 


119 


x'y^ fio-i-jix,y) 
i < 3&i < 3 


+ 2 + a;, J/) CP(5,10,1,1) 
P(5,l,l), Diff=(0,2,0,0) 


3 


120 


x'" + 2/" 
n = 11; 13 


t'' + 2 + a;^+i/CP(l,2, 1,2) 
P(l,l,2),Diff=(0,i,i,2^) 


12,15 


121 


zy'^iax^ + hy'^)+ 
cx''^f2-Ax\y''),h^G\\j = 


+ z' + g{z,x'"\y'''') Cin^,2,i,l) 
Diff=(0,0,|,i) 


5 


122 


x"" + ax^'y' + by'" 


i' + z + x^+axy + by^ C P(l, 2, 1, 1) 
P^Difr=(0,2,l,|) 


15 


123 


x'" + xy" 
n = 10, 11; 13 


+ z + x'" + xy C P(5, 10, 1, 9) 
P(5,l,9), Diff=(0,|,0,^) 


12,27 


124 


a;-+73-i(a;^^/") 
1 = 0,1 


e + z + x^'+'U-,{x\y) C P(5, 10, 1, 3) 
P(5,l,3), Diff=(0, 2,0,1) 


9 


125 


x'" + azx''y'^+ 

+xY 


+ Z'' + x'" + azx'^y + x^y-' C P(15, 10, 3, 8) 
Diff=(0, 0,0,1) 


4 


126 




+ z + x"' + a:i:"y + :r'y^ C F(5. 10. 1. 4) 
!-(."), i, i), Ditf=((), 2.0, 


6 


127 


x'^'+xV 


t'' + Z + x'" + x^y C P(5, 10, 1, 8) 
P(5,l,8), Diff=(0,2,0,i2) 


12 


128 


x'^ + x'y" 
n = 8; 10 


+ Z + x'" + x-'y C P(5, 10, 1, 7) 
P(5,l,7), Diff=(0,2,0,^) 


9,21 


129 


x^" + azx'^y'^+ 
+bx''y'' 


e + z'^ + g{z,x,y^/'-^) C P(15, 10,3, 7) 
Diff=(0,0,0,2) 


7 


130 




e + Z + x'" + x*y C P(5. 10. 1. 6) 
F(5,i,()), Ditf=((), 2.0, ii) 


9 


131 


x''>+zy" 
n = 7;9 


+Z-' + zy + x^ C P(3, 2, 3, 4) 
Diff=(0,0,i,ii^) 


7,10 


132 


x"" + zxy" 
n = 6, 7; 8 


+ «^ + zxy + x'" C P(15, 10, 3, 17) 
Diff=(0,0,0,2^) 


7,17 


133 


x'^ + zx'y'' 


e + Z'' + zx^y + x'" C P(15, 10, 3, 14) 
Diff=(0, 0,0,1) 


7 


134 




+ Z-' + zx-'y + x'" C P(15, 10, 3, 11) 
Diff=(0, 0,0,1) 


11 


135 


x^y + azx'^y'^ + j/" 


t + z-^ + g{z, y) C P(33, 11, 10, 3) 
P(ll,10,3), Diff=(i, 0,2,0) 


4 


136 


x^y + azy" + by'^'' 


+Z'' + azy" +xy + by^'^ C P(6, 4, 11, 1) 
Diff=(0,0,f,0) 


9 


137 


+byx''h-Ax',y^) 


t + z'-" + g(z,x, y) C P(39, 13, 4, 3) 
P(13,4,3), Diff=(i, 0,0,0) 


6 


138 


j''y + azx'^y'' + hy^^ 


+ 2-^ + g{z. x-''-\ y) C F(21. 14. 13. 3) 
Ditt = (0,0, 2,0) 


9 


139 


x^y + a«2/^" + by'^ 


t + z-^ +g{z,x''-',y) CP(15,5, 14, 1) 
P(5,14,l), Diff=(i,0,f,0) 


18 



47 



140 


x^y + xy" 
n = 10; 12; 14 


t + z + g{z,x,y) C P(9n - l,9n-l,n-l,8) 
P(9n- l,n- 1,8), Diff=(i, 2,0,0) 


12,30,48 


141 


x'^y + ax'^y" + xy'^' 


t + z + g{z,x,y) C¥{49,49,5A) 
P(49,5,4), Diff=(i,|,0,0) 


6 


142 


yx''+'U-iix',y') 
i < 2 


t + « + ff(2,a;,j/) CP(29,29,3,2) 
P(29,3,2), Diff=(i, 1,0,0) 


12 


143 


x^y + x'-'y" 
n = 9, 11 


t + z + g{z,x,y) C P(9n - 2, 9n - 2, n - 1, 7) 
P(9n - 2, n - 1, 7), Diff=(i, |, 0, 0) 


12 


144 


n = 5; 6 


t''' + z + g{z, X, y) C P(9n - 1, 18n - 2, 2n - 1, 7) 
P(9n - 1, 2n - 1, 7), Diff=(0, |, 0, 0) 


12,21 


145 


x'^y + azx'^y-^ + x'^y'^ 


t + z-" + g{z,x, y) C P(69, 23, 7, 6) 
P(23,7,6), Diff=(i, 0,0,0) 


4 


146 


:r'y + x^?/" 
/( = 7; 9 


t + z + g(z. X. y) C F(9n - 4. 9n - 4, n - 1. 5) 
P(9/) - i, ;i - i,.")), Ditt = (i, 1,0,0) 


18,30 


147 


x^y + x'^y^ 


+ z + g{z,x,y) C P(34, 68, 7, 5) 
P(34,7,5), Diff=(0, 1,0,0) 


15 


148 


x^y + 

n = 7,9 


t + «^ + xy + zy" C P(3n, n, in - 2, 2) 
P(n,3n - 2,2), Diff=(i,0, |,0) 


10 


149 


X' y + zxy 
n = 6,8 


t + z'' + g{z, x,y) C P(27n - 3, 9n - 1, 3n - 2, 15) 
P(9n-l,3n-2, 15), Diff=(i, 0, 0, 0) 


10 


150 


x^y + zxy' 


f' + z-' + g{z, X, y) C P(93, 62, 19, 15) 
Diff = 


5 


151 


x"y + zx'y" 
n = 5;7 


t + z"^ + g(z,x, y) C P(27n - 6, 9n - 2, 3n - 2, 12) 
P(9n-2,3n-2, 12), Diff=(i, 0, 0, 0) 


14,24 


152 


x^y'+y" 
n = 11; 13; 17 


+ Z + x^y^ + y" C P(n, 2n, n - 2, 2) 
P(n,n-2,2), Diff=(0, 2, |, 0) 


16,18,24 


153 


x*y2 + azy^'^ + 


t'^ + z^ + g{z, x^/^, 2/) C P(15, 10, 13, 2) 
Diff=(0,0,|,0) 


8 


154 


azy-'.7-4'/i_,;(x^:y") + 
+,y-x^'/.-,(x\,y^') 


f'^ + z''' + g(z, x^'^, y) C P(6, 4. 5. 1) 
l)itt: = (0,0, ^,0) 


4 


155 


a;V+aa;V + V 


+ Z + x^y'' + axy ' + by'" C P(8, 16, 7, 1) 
P(8,7,l), Diff=(0,2,|,0) 


12 


156 


t < 2 


t'+z + y'x'U-^{x, y') C P(7, 14, 3, 1) 
P(7,3,l), Diff=(0,2,i,0) 


6 


157 


+&xy^"+\n = 3 & / 0;4 


+ z'' + g{z, X, y) C P(12n + 3, 8'« + 2, 3n - 1, 7) 
Diff = 


4,7 


158 


n = 11, 12; 14; 15 


+ Z + g(z, X, y) C P(4n - 1, 8n - 2, n - 2, 7) 
P(4ri - 1, n - 2, 7), Diff=(0, 2, Q, Q) 


15,18,21 


159 


x«y" + x\r 

n = 9; 13 


i'' + z + x^y^ + xy" C P(2n - 1, 4n - 2, n - 2, 3) 
P(2n-l,n-2,3), Diff=(0, f, i, 0) 


12,18 


160 


n = 6 i = 0; 7 i < 1 


+ z + g{z,x,y) C P(4n - 5, 8n - 10, n - 2, 3) 
P(4n-5,n-2,3), Diff=(0, 2, 0, 0) 


6,9 


161 


x^y^ + x^y" 
n = 8; 10; 11 


+ z + g{z, X, y) C P(4n - 3, 8n - 6, n - 2, 5) 
P(4n - 3, n - 2, 5), Diff=(0, §, 0, 0) 


9,12,15 


162 


x'^y^ + azx^y" + bx'-^y" 


t'+z-'+ g{z, X, y) C P(33, 22, 7, 5) 
Diff = 


5 


163 


x'y' + zy" 
n = 7;9;11 


+ z' + x^y^ + zy" C P(3n, 2n, 3n - 4, 4) 
DifF=(0,0,|,0) 


10,13,16 



48 



164 


x'^y'-' + zxy'^ 
n = 6;7,8;9 


+ 0^ + g{z, X, y) C P(12n - 3, 8n - 2, 3n - 4, 13) 
Diff = 


7,10,13 


165 


x'^y'' + zx'-'y'^ 
n = 5;7 


t'' + Z'' + x*y^ + zxy" C P(6n - 3, 4n - 2, 3n - 4, 5) 
Diff=(0,0,i,0) 


7,10 


166 


x'y-' + y" 
n = 11;13; 19; 23 


t + z + xy'+y'^C P(n, n, n - 3, 1) 
P(n,n-3, 1), Diff=(i,|,f,0) 


18,22,36, 
42 


167 


x'y'+y'" 
n = 7,8; 10,11 


t^ + z + xy' + y^" C P(n, 2n, 2n - 3, 1) 
P(n, 2n - 3, 1), Diff=(0, |, f , 0) 


15,21 


168 


x'y"" + azy''^ + fej/^" 

n = 5;7 


t + 0^ + g{z, x^l"^ , y) C P(3ra, n, 3n - 3, 1) 
P(n, 3n - 3, 1), Diff=(i, 0, f , 0) 


8,14 


169 


x''y^ + azy^ + hy^'^ 


+ z^ + g{z, x^l\ y) C P(6, 4, 9, 1) 
Diff=(0,0,f,0) 


7 


170 


x'^y-^ + azy^'^ + by^^ 


t' + z'+g{z,x'''',y'^'')cV{3,2,5, 1) 
DifF=(0,0,f,2) 


7 


171 


y'x\f7-,{x,y') 
i < 5 


t + z + g{z,x,y) C P(17, 17, 2, 1) 
P(17,2,l),Difr=(i,2,0,0) 


6 


172 


x'y' + xy" 
n= 10; 14; 16; 20 


t + 2 + g{z, x, y) C P(7n - 3, 7n - 3, n - 3, 6) 

P(7n-3,n-3,6), Diff=(i, |, 0, 0) 


16,24,30 

36 


173 


x'y" + aa;'*j/"+" + bxy''"+' 
n = 5; 9 


t + z + g(z, X, y) C P(77'i + 2, In + 2, n - 1, 3) 
P(7n + 2,n- 1,3), Diff=(i, |, 0, 0) 


12,18 


174 


x'y' + ax''y"'+'' + bxy''"+' 
n = 3,4 


+Z + g{z, X, y) C P(7n + 1, 14n + 2, 2n - 1, 3) 
P(7n + 1, 2n - 1, 3), Diff=(0, f , 0, 0) 


9 


175 


y'x'^+'f-a-.{x',y') 
i = 0,l 


t + z^ + yx''+'h-,{x\ y) C P(9, 3, 1, 2) 
P(3,l,2), Diff=(i,0,0,|) 


4 


176 


y'x''+'fs-i{x\y') 
i < 2 


t + z + g{z,x,y) C P(41,41,5,2) 
P(41,5,2), Diff=(i, 2,0,0) 


12 


177 


x'y"^ + azx^'y" + x^y^ 


t + z"" + g{z, X, y) C P(57, 19, 6, 5) 
P(19,6,5), Difr=(i, 0,0,0) 


4 


178 


x'y'+x'y'" 
n = 5;7,8 


i-' +Z + g{z, X, y) C P(7n - 3, 14n - 6, 2n - 3, 5) 
P(7n-3,2n-3,5), Diff=(0, f, Q, 0) 


9,15 


179 


x'y" + x-'y'^ 
n= 11; 17 


t + z + g{z, X, y) C P(7fi - 6, 7n - 6, n - 3, 5) 
P(7n-6,n-3,5), Diff=(i, |, 0, 0) 


18,30 


180 


x'y-^ + azx'-^y^ + bx^y'^'' 


+Z'' + g{z,x, y) C P(39, 26, 9, 5) 
Diff = 


5 


181 


x'^y-^ + azx^y*^ + bx'^y^^' 


t + z^ +g{z,x,y^''^) C P(33,ll,4,5) 
P(ll,4, 5),Diff=(i,0,0,2) 


10 


182 


x'y-^ + x^j/" 
n = 8; 10; 14 


t + 2 + g{z, X, y) C P(7n - 9, 7n - 9, n - 3, 4) 
P(7n-9,n-3,4), DifF=(i, |, 0, 0) 


12,18,24 


183 


x'y-^ + azx''y'* + bx^'y^'^ 


t + z-' + g{z, x, y) C P(75, 25, 9, 4) 
P(25,9,4), Diff=(i, 0,0,0) 


8 


184 


x''y^ + zy" 
n = 7; 11, 13 


t + z'-'' + xy^ + ziy" C P(3n, n, in - 6, 2) 
P(n,3n-6,2), Diff=(i, 0, |, 0) 


10,22 


185 


x'y^ + zy^^ 


t + 2^ + + V C P(15, 5, 13, 2) 
P(5,13,2), Diff=(i,0,|,2) 


28 


186 


x'y' + z.T]/''" 

(/, = 2: 1 


t + z-' + x'y + zj:?/" C P(21n - 3, 7n - 1. 3n - 2, 11) 
2(7)1 - i, 3/1 - (), 11). Dilf=(i,(), 0, 1) 


10,22 


187 


x'y-''' + zxy''' 
n = 7;ll 


+ z'' + 3(2, a;, y) C P(21n - 9, 14n - 6, 6n - 12, 22) 
Diff = 


5,11 



49 



188 


x'y'' + zxy''" 
n = 4, 5 


t + z'-' + g{z, X, y) C P(42n - 9, 14n - 3, 6n - 6, 11) 
P(14n-3,6n-6, 11), Diff=(i, 0, 0, 0) 


16 


189 


x'y^ + zxy^ 


+ Z-' + x'y + zxy-" C P(30, 20, 7, 11) 
Diff=(0,0,0, 1) 


11 


190 


x'y^ +zx''y" 
n = 5,7 


t + z-" + g{z, X, y) C P(21n - 18, 7n - 6, 3n - 6, 8) 
P(7n-6,3n-6,8), Difr=(i, 0, 0, 0) 


10 


191 


x'y^ + zx'-'y^ 


t + z'' + x'y + zx^y" C P(57, 19, 7, 8) 
P(19,7, 8), Diff=(i,0,0,2) 


16 


192 


x'y^ fii-i-j{x,y) 
i < 4&i < 4 


t + « + 5r(z,a^,y) CP(11,11,1,1) 
P(ll,l,l),Diff=(i, 1,0,0) 


6 


193 


+ azy* + by'-'^ 


+Z'' + X + azy" + by" C P(3, 2, 6, 1) 
P(3,2,l), Diff=(0,0,i2, 1) 


11 


194 




t + ,: + x + VCP(l. 1.1.1) 


66 


195 


x''+xy'' 


t + z + x'^ + xy C P(ll, 11, 1, 10) 
P(ll,l,10), Diff=(i,|,0,if) 


12 


196 


x''+xW 


e + Z + X'-' + x^y^ C P(ll, 22, 2, 9) 
P(ll,2,9), Diff=(0.|.0, 1) 


15 


197 


x" + azx'^y" + bx'y" 


t + z^ + g{z, X, y^''^) C P(33, 11, 3, 8) 
P(ll,3,8), Diff=(i, 0,0,1) 


16 


198 


x}'+xV 


+ z + x'' + x^y^ C P(ll, 22. 2. 7) 
P(ii,2,7), Ditt: = ((), 2,0, I) 


21 


199 


x''+x'y' 


t + z + x'^ + x'"y C P(ll, 11, 1, 6) 
P(ll,l,6), Diff=(i, 1,0,1) 


36 


200 


x'^^ + zxy' 


t + z-' + x'' + zxy C P(33, 11, 3, 19) 
P(ll,3, 19), Diff=(i, 0,0,1) 


14 


201 


a;^^ + zx^y^ 


t + z'' + x'' + zx^'y C P(33, 11, 3, 13) 
P(ll,3,13), Diff=(i,0,0,|) 


26 


202 


x''"y + azjf + hy'^ 


t"^ + z-^ + g{z. 3-^1'^. y) C P(6, 4, 11. 1) 
l)itt = ((),(), 21,0) 


10 


203 


x'^y + ax^y' + by''' 


t + z + x^y + axy' + by'-' C P(13, 13,6,1) 
P(13,6,l), Diff=(i,2,|,0) 


30 


204 


x'-'-'y + xy" 
n = 11; 12 


t + z + g(z, X, y) C P(10n - 1, lOn - 1, ti - 1, 9) 
P(10n- l,n- 1,9), Difr=(2, 2,0,0) 


12,54 


205 


x'% + xV' 


+ Z + g{z, X, y) C P(49, 98, 9, 8) 
P(49,9,8), Diff=(0, 2,0,0) 


12 


206 


x'"y + azx-'y" + bx'-'y^ 


t + z-''+ g(z, X, y) C P(87, 29, 8, 7) 
P(29,8,7), Diff=(i, 0,0,0) 


14 


207 




i'' + z + x''y + x^y"^ C P(19, 38, 7, 3) 
P(19,7, 3), Diff=(0, |,i,0) 


18 


208 


m 7 

X y + zxy 


t + + g{z, X, y) C P(207, 69, 19, 17) 
P(69, 19,17), Diff=(i, 0,0,0) 


24 


209 


x'"y + zx'^y" 


t + 2-^ + g{z, X, y) C P(141, 47, 13, 11) 
P(47, 13,11), Diff=(i, 0,0,0) 


22 


210 


x^y^ + azy'^ + by'-' 


f'+z-' + xy + azy" + by'' C P(3, 2, 5, 1) 
Diff=(0,0,|,i) 


9 


211 


x^y^ + azx^y^ + by^^ 


t + z^ + g{z, x^^^,y) C P(39, 13, 11, 3) 
P(13,ll,3),Diff=(i, 0,2,0) 


18 



50 



212 




t + z + g{z,x,y) C¥{97, 97, 9, 8) 
P(97,9,8), Diff=(i, 2,0,0) 


30 


213 


x''y' + ax^y' + hxy'^'' 


t + z + g{z, X, y) C P(53, 53, 5, 4) 
P(53,5,4), Diff=(i, 2,0,0) 


24 


214 


xS'+xV 


i^ + z + g{z, X, y) C P(43, 86, 8, 7) 
P(43,8,7), Diff= (0,2,0,0) 


12 


215 


x'^y' + x^j/^' 


t + z + g{z, X, y) C P(95, 95, 9, 7) 
P(95,9,7), Diff=(i, 2,0,0) 


42 


216 


x^j/'' + azx:''y*^ + bx^y^ 


t + z'-' + g{z, X, y) C P(75, 25, 7, 6) 
P(25,7,6), Diff=(i, 0,0,0) 


12 


217 


x^y' + xY 


i'' + z + x''y + x^y" C P(16, 32, 3, 5) 
P(16,3,5), Diff=(0,2,0,i) 


15 


218 




i + Z-' + xy^ + zy-' C P(27. 9. 23, 2) 
P(9,2;i,2), DiH = (i.O,|.()) 


36 


219 


x^y' + zxy' 


t + z-' + g(z, X, y) C P(183, 61, 17, 15) 
P(61, 17, 15), Diff=(i, 0,0,0) 


10 


220 


x^y^ + azy^ + by^^ 


e + z^+ g{z, x''"-, y) C P(6, 4, 9, 1) 
Diff=(0,0, 1,0) 


8 


221 


x'^y' + ax^y"" + by'-' 


+ Z + x*i/^ + ax^y" + by'-' C P(13, 26, 5, 2) 
P(13,5,2), Diff=(0,|,i,0) 


12 


222 




+ Z + xy' + y'* C P(7. 14. 11. 1) 
P'(7, li, i), Ditt = (0, 2, I.o) 


24 


223 


xV + V 

n= 11; 13 


t + z + g{z, X, y) C P(8n - 3, 8n - 3, n - 3, 7) 
P(8n-3,n-3,7), Diff=(i, f, 0, 0) 


18,42 


224 


x^j/^ + a^x^y" + bxy'^'' 


t + z-' + g{z,x,y) C P(93,31,9, 7) 
P(31,9,7), Diff=(i, 0,0,0) 


14 


225 


xV + xV" 


+ z + g{z,x,y) d P(37, 74, 7, 6) 
P(37, 7,6), Diff=(0, 2,0,0) 


9 


226 


x'^y' + ax'^y' + bx^y'' 


t + z + g{z,x,y) C P(41,41,4,3) 
P(41,4,3), Difr=(i, 2,0,0) 


18 


227 


dx^y^ + z[ax'^ + bx^y^') + 
+cxV,i6| + |c|^0 


t + z-' + g{z, X, y'l'-') C P(21, 7, 2, 5) 
P(7,2,5), Diff=(i,0,0,2) 


10 


228 




t + z + g{z,x,y) CP(71,71,7, 5) 
P(71,7,5), Diff=(i, 2,0,0) 


30 


229 


x^y" + zy"" 


+ Z'' + x^y + zy-' C P(9, 6, 7, 4) 
Diff=(0,0,|,2) 


16 


230 


x'*y' + zxy" 
n = 7;8 


t + z-' + g{z,x, y) C P(24n - 9, 8n - 3, 3n - 6, 13) 
P(8n - 3, 3n - 6, 13), Diff=(i, 0, 0, 0) 


10,26 


231 


dx'^y* + z{ax'^ + by^) + 
+cy^Mb\ + \c\ ^ 


e+z:' + g(z, x'/\ y"'') C P(3, 2, 4, 1) 
Diff=(0,0,f,i) 


7 


232 


dx'y^ + y" 
n = 13; 17 


t + z + xj/* + C P(n, n, n - 4, 1) 
P(n,n-4,1), Difr=(iif,0) 


30,42 


233 


x'y'^ + y'' 


+ z + xy" + y'" C P(7, 14, 10, 1) 
P(7,10,l), Diff=(0,2,f,0) 


15 


234 


x'y" + azy'" + by''-' 


t + z^+g(«,x^/^y) CP(15,5,11,1) 
P(5, 11, l),Diff=(i, 0,1,0) 


14 


235 


x'y' + y'' 


e + z + xy + ?/ C P(2, 4, 3, 1) 
P(2,3,l), Diff=(0,2,|,|) 


21 



51 



236 


x'y'^ + xy" 
n= 11; 15 


i + + g{z, x, y) C P(7n - 4, 7n - 4, n - 4, 6) 
P(7n-4,n-4, 6), Difr=(i, |, 0, 0) 


24,36 


237 


x'y'^ + ax^y** + hxy^'^ 


t^ + z + x'y + ax^y" + bxy" C P(5, 10, 1, 3) 
P(5,l,3), Diff=(0, 2,0,1) 


9 


238 


x'y" + ax'^y^ + bxy'-'^ 


t + « + ff(2;,a;,y) CP(47,47,5,3) 
P(47,5,3),Diff=(l, 1,0,0) 


18 


239 


x''+'y''h-.{x',y') 
i < 2 


t + z + g{z,x, y) C P(29, 29, 3, 2) 
P(29,3,2), Diff=(i, 1,0,0) 


12 


240 


x'y^ + x'W 


+ Z + g{z, X, y) C P(31, 62, 6, 5) 
P(31,6,5), Diff=(0, 1,0,0) 


9 


241 


x'y'^ + azx-'y'' + hx-'y^^ 


t + z"" + g{z, X, y) C P(69, 23, 7, 5) 
P(23,7, 5), Diff=(i, 0,0,0) 


10 


242 




+ Z + x'y^ + .T^]/" C P(in. 38. 4. 5) 
P(i9, 1,5), Ditt = ((), 2,0, i) 


15 


243 


x'y-" + x'y'' 


t + z + g{z,x,y) C P(83, 83, 9, 5) 
P(83,9,5), Diff=(i, 1,0,0) 


30 


244 


dx'y* + z{ax^y + hx^y'°)+ 
+cx^y^ \b\ + \c\^0 


t + z'' + g{z, X, y) C P(51, 17, 5, 4) 
P(17,5,4), Diff=(i, 0,0,0) 


8 


245 




t + z + g{z, X, y) C P(65, 65, 7, 4) 
P(65,7,4), Diff=(i, 1,0,0) 


24 


246 


x'y'^ + zy^ 
n = 9; 11 


t + z-" + xy'' + zy" C P(3n, n, 3n - 8, 2) 
P(n,3n-8,2), Diflf=(i, 0, f , 0) 


22,28 


247 


x-'j/" + zxy" 
n = 7;9 


t + z-" + g(z,x, y) C P(21n - 12, In - 4, 3n - 8, 11) 
P(7n-4,3'«-8, 11), Diff=(i, 0,0,0) 


16,22 


248 


7 — 5 R 

X y + zxy 


+ z"" + x' + zxy'^ C P(39, 26, 8, 11) 
Diff=(0,0,0,i) 


11 


249 


7 — 3 2 — 7 

X y + zx y 


t + + g{z, X, y) C P(123, 41, 13, 8) 

P(41,13,8), Diff=(i, 0,0,0) 


16 


250 


zx'' + J/^" 
n = 4; 7; 8, 11; 13, 14 


e +Z-' + zx + y' CP(3,2,4,3) 
Diff=(0,0,i,2^) 


5,7,11, 
15 


251 


zx^ + J/" 
n = 11; 13; 17; 19; 23; 29 


J + 2'' + za; + yCP(3, 1,2,3) 
P(l,2,3), Diff=(i,0,|,2^) 


11,14,18, 
20,26,30 


252 


+ca;V,« = 3 |a| + |6|^0;7,9 


t + z"^ + z{x + ay^) + by' + cxy C P(3, 1, 2, 1) 
P(l,2,l), Difr=(i,0,|,2^) 


6,10 


253 


z{x'' + oj/"") + 62/""+ 

+0x^2/2", (n = 2, 3)&|a| + |6| 7^ 0; 4 


t^ + z^ + z{x + ay") + by" + cxy^ C P(3, 2, 4, 1) 
Diff=(0,0,|,2i^) 


5 


254 


zx^+^'h-dx\v'-)+ 
+ay^"x'^f2-, {x-\ y*"),n = 1 j = 0; 2 


e + z^+ g{z, X, 2/^/") C P(15, 10, 4, 3) 
Diff=(0,0,0,2^) 


2,3 


255 


z{x^ + ax^y^'') + 

+cx^y^ + dy'^^ 


t + z^ + giz,x,y^^'-) cni5,5,2,3) 
P(5,2,3), Diff=(i, 0,0,1) 


6 


256 


zx'^ + xy^ 
n = 7; 9; 11; 15; 17; 
19, 21; 23, 25 


t + z'' + zx'' +xy C P(15, 5, 2, 13) 
P(5,2,13), Diff=(i,0,0,2^) 


7,10,11, 
16,18,22, 
26 


257 


^;a;^+xy^",n = 4,5;6, 
7, 8, 9; 10, 11,12 


t'' + z-^ + zx'' + xy^ C P(15, 10, 4, 13) 
Diff=(0,0,0,^i^) 


5,9,13 


258 


zx^ + x'y^" 
n = 4, 5, 6, 7; 8, 9, 10 


t^ + z" + zx'' + x^y^ C P(15, 10, 4, 11) 
Diff=(0,0,0,2^) 


7,11 


259 


zx" +x''y'',n = 7; 9; 


t + z-' +zx" + x^y C P(15, 5, 2, 11) 


7,10,14, 



52 





13; 15,17; 19,21 


P(5,2,ll), Diff=(i,0,0,i^) 


18,22 


260 


zx" + x-'y" 
n = 7; 11, 13; 17 


t + z'' +zx" + x^y C P(15, 5, 2, 9) 
P(5,2,9), Diff=(i,0,0,^) 


8,14,18 


261 


zx" + x-'y^" 
n = 4,5;7,8 


t-' + z-' + zx" + x-'y^ C P(15, 10, 4, 9) 
Difr=(0,0,0,2^) 


5,9 


262 


zx" + 
n = 4,5,6 


t-" + z-^ + zx" + x^y^ C P(15, 10, 4, 7) 
Diff=(0,0,0,^) 


7 


263 


zx" + x^y" 
n = 9;ll,13 


t + z-" +zx" + x^y C P(15, 5, 2, 7) 
P(5,2,7), Diff=(i,0,0,^) 


10,14 


264 


zx"y + y^" 
n = 5; 8; 10, 11 


f-' + z-' + zxy + y^" C P(3n, 2n, 4n - 3, 3) 
Diff=(0, 0,1,0) 


7,11,15 


265 


zx"y + y" 
n = 11; 13; 17; 23 


t + z-' + zxy + y"c P(3n, n, 2n - 3, 3) 
P(n,2n-3,3), Difr=(i, 0, |, 0) 


14,16,22, 
30 


266 


+cj/'5",n = 2 |o| + |c| /0,3 


f + Z'' + g{z, x^'^,y) C P(3n, 2n, 4n - 1, 1) 
Diff=(0,0,i,0) 


5 


267 


z{x% + ay^")+bx^y"+^ + 
+cj/3",n = 5 \a\ + \c\ / 0; 7 


t + z-^ + g{z, x^l^., y) C P(3n, n, 2n - 1, 1) 
P(ri,2n- 1,1), Diff=(i,0,|,0) 


6,10 


268 


zyx-'+'\h-,(x",y") + 
+ay^x'^f2-,{x-\y') 


t^ + z^+ff(«,x,j/) CP(21,14,5,3) 
Diff=0 


3 


269 


zyx'+'\h.,{x^y') + 
+ay^x^^f2-j{x\y') 


t + z-" + g{z, X, y) C P(57, 19, 7, 3) 
P(19,7,3), Diff=(i, 0,0,0) 


6 


270 


zx"y + xy'^"+' 

n = 4; 5, 6, 7; 8, 9 


+ + g{z, X, y) C P(15n + 6, lOn + 4, 4n - 1, 13) 

Diff=0 


5,9,13 


271 


zx"y + a;j/",n = 10, 12; 
14; 16, 18; 20 


t + z-' + g{z, X, y) C P(15n - 3, 5n - 1, 2n - 3, 13) 
P(5n - 1, 2n - 3, 13), Diff=(i, 0, 0, 0) 


14,18,22 
26 


272 


zx"y + x^y^" 
n = 4, 5,6;7, 8 


+ z-^ + g{z, X, y) C P(15n - 3, lOn - 2, 4n - 3, 11) 
Diff=0 


7,11 


273 


zx"y + x^y" 
n = 9;ll;13, 15; 17 


t + z-^ + g{z, X, y) C P(15n - 6, 5n - 2, 2n - 3, 11) 
P(5n - 2, 2n - 3, 11), Diff=(i, 0, 0, 0) 


10,14,18, 
22 


274 


zx"y + a;^j/^"+^ 
n = 3; 5, 6 


+ + g{z, X, y) C P(15n + 3, lOn + 2, 4n - 1, 9) 

Diff=0 


5,9 


275 


zx"y + x-^y" 
n = 8; 10; 14 


t + z-" + g{z,x, y) C P(15n - 9, 5n - 3, 2n - 3, 9) 
P(5n - 3, 2n - 3, 9), Diff=(i, 0, 0, 0) 


10,14,18 


276 


zx"y + x'^y-'"- 
n = 4, 5 


i-' + Z-' + g{z, X, y) C P(15n - 6, lOn - 4, 4n - 3, 7) 
Diff=0 


7 


277 


zx"y + x'^y" 
n = 7,9;ll 


t + z-^ + g{z, X, y) C P(15n - 12, 5n - 4, 2n - 3, 7) 
P(5n - 4, 2n - 3, 7), Diff=(i, 0, 0, 0) 


10,14 


278 


zx' + J/" 

n = 11, 13 


t + ^^ + zx + y CP(3, 1,2,3) 
P(l,2,3), Diff=(i,0,|,2-i) 


14 


279 


zx' + .xy"" 
n = 5; 6 


+ z* + zx' + xy^ C P(21, 14, 4, 19) 
Diff=(0,0,0, 2-J-) 


5,19 


280 


zx' + xy^^ 


t + z-" + zx' +xyC P(21, 7, 2, 19) 
P(7,2, 19), Diff=(i,0,0,i2) 


24 


281 


zx' + X^l/" 

n = 9;ll 


t + z-" + zx' + x^y C P(21, 7, 2, 17) 
P(7,2,17), Difr=(i,0,0,ii^) 


10,34 


282 


zx'+xV 


+ z-" + zx' + x^y^ C P(21, 14, 4, 17) 

Diff=(0,0,0, 1) 


10 


283 


zx' + x'V" 


+ + zx' + x'y^ C P(21, 14, 4, 15) 


5 



53 







Diff= (0,0,0,1) 




284 


zx' + x^'y' 


t + z-" + zx' + x^y C P(21, 7, 2, 13) 
P(7,2, 13), Diff=(i, 0,0,1) 


16 


285 


zx' + X^J/" 


+ 2^ + zx' + x^y^ C P(21, 14, 4, 13) 

Difr=(o, 0,0,1) 


13 


286 


zx' + x^y' 


t + z-^ + zx' + x^y C P(21, 7, 2, 11) 
P(7,2,ll), Diff=(i, 0,0,2) 


22 


287 


zx^y + J/" 
n= 11,13 


i"- + z-^ + zx^y + y" C P(3n, 2n, 2n - 3, 6) 
Diff=(0,0, 2,0) 


9 


288 


zx'^y + 2/^" 


t^ + z-' + zxy + y'" C P(21, 14, 25, 3) 
Diff=(0, 0,1,0) 


18 


289 


z(x^y + ay^) + bx''y'' + 
+cy^Ma\ + \c\^0 


i^+0^ + /(2,x-i/«,y) CP(6,4,7, 1) 

Difr=(o, 0,1,0) 


6 


290 


zx'^y + xy" 
n= 10,11,12; 13 


t + z'' + zx^y + a;j/" C P(18n - 3, 6n - 1, 2n - 3, 16) 

P(6n-l,2n-3, 16), Diff=(i, 0, 0, 0) 


14,32 


291 


zx'-y + x'y'"^+' 
n = 4;5 


+Z-' + zx-'y + xy-'"*' C P(9n + 3, 6n + 2, 4n - 1, 7) 
Diff=(0,0,i,0) 


5,14 


292 


zx'^y + x^y'^^ 


+ z-' + zx'^y + x^y''' C P(87, 58, 17, 14) 
Diff=0 


7 


293 


zx'^y + x''y" 
n = 8; 10 


t + z-^ + zx-'y + a;i/" C P(6n - 3, 2n - 1, 2n - 3, 4) 
P(2n- l,2n-3,4), Diff=(i, 0, 2, 0) 


10,24 


294 


zx''y + x*y' 


^-z"" + zx^y + x*y' C P(57, 38, 11, 10) 
Diff=0 


5 


295 


zx'-'y + x'^y" 


e + z-' + zx-'y + x-'y" C P(33, 22, 13, 5) 
Diff=(0,0, i,0) 


10 


296 


zx'^y + x'^y' 


t + z-" +g{z,x,y) CP(111,37,11,8) 
P(37,ll,8), DifF=(i, 0,0,0) 


16 


297 


zx^y^ + y" 
n= 11; 17 


t + z-' + zxy^ + y" C P(3n, n, 2n - 6, 3) 
P(n,2n-6,3), Diff=(i, 0, |, 0) 


18,30 


298 




t^ + z-" + zxy-' + y'** C P(21, 14, 22, 3) 

Difr=(o,o,i,o) 


11 


299 


zx'^y' + y"' 


+z^ + zxy + y** C P(12, 8, 13, 3) 
Diff=(0,0,|,i) 


15 


300 


z{x^y^ + ay^^) + bx^y'^+ 
+cy'' 


^ + ^^+5(2,a;^/^2y) CP(15,5,8,1) 
P(5,8,l),Diff=(i, 0,1,0) 


10 


301 


zx'y' + 
n = 2;3 


+ z^ + g(z, X, y^''^) C P(15ri + 6, lOn + 4, 4n - 1, 13) 
Difr=(0,0,0,i) 


9,13 


302 


zx'^y''' + xy" 
n = 11; 13; 15 


t + z"" + zx^y"- + xy" C P(15n - 6, 5n - 2, 2n - 6, 13) 

P(5n,2n-6, 13), Diff=(i, 0, 0, 0) 


18,22,26 


303 


zx''y^ + xy^'' 


+ z'' + zx"y^ + xy''^ C P(87, 58, 18, 13) 
Diff=0 


9 


304 


zx'^y'' + x''y" 
n = 9;ll;13 


t + z-' + g{z, X, y) C P(15n - 12, 5n - 4, 2n - 6, 11) 
P(5n-4,2n-6,ll), Diff=(i, 0, 0, 0) 


14,18,22 


305 


zx^'y^ + x^y^" 


t'' + 2^ + zx'^y' + x^y'" C P(69, 46, 14, 11) 
Diff=0 


7 


306 


zx^y'' + x''y^''' 


+ 2^ + zx^y + x'-'y" C P(42, 28, 9, 11) 
Diff=(0,0,0,i) 


11 


307 


zx^'-y" + x-'y'' 


+ z-"' + zx^'y^ + x'y" C P(51, 34, 10, 9) 


5 



54 







Diff=0 




308 




t^ + z-' + zx^y + x-'y'' C P(33, 22, 7, 9) 
Diff=(0,0,0,i) 


9 


309 


zx^y'' + x'^y'^'^ 


t + z-' + g{z,x, y) C P(147, 49, 16, 9) 
P(49, 16,9), Diff=(i, 0,0,0) 


18 


310 


zx^y^ + 
n = 7;9 


t + z'' + g{z, X, y) C P(15n - 24, 5n - 8, 2n - 6, 7) 

P(5n - 8, 2n - 6, 7), Diff=(i, 0, 0, 0) 


10,14 


311 


zx'^y'' + x^y'^ 


^z-" + zx^y + x'^y" C P(24, 16, 5, 7) 
DifF=(0,0,0,i) 


7 



2. Singularity - + + g{z, x, y) 



1 


az^y" + + hy^" 
n = 3;7,9 


+ z^ + azy + x + by'' C P(l, 1, 2, 1) 

p^Diff=(o,i,|,2^) 


5,10 


2 


x^ + y" 
n = 7; 9; 11; 13; 17, 19 


t^ + a^ + a; + j/CP(l,l,2,2) 

P(l,l,2), Diff=(0,i,|,2i^) 


7,10,11, 

15,20 


3 


+cy-*" + x^n = 2,3,4 


t' + z'' + g{z, x^'\ y^l") C P(2, 1, 4, 1) 
P(2,l,l), Diff=(0,0,|,2^) 


5 


4 


az^yx'^f2-i{x, y^)+ 
+xif5-jix,y^),i<l\\j <2 


+ z^ g(z^^'\x, y) C P(5, 5, 2, 1) 
Diff=(0,i,0,0) 


2 


5 


x'h-i{x,y^) 
i = 1,2,3 


+ z^ + x' h-^{x,y) CP(5,5,2,2) 
Diff=(0,i,0,i) 


4 


6 


x'' + xy" 
n = 5;7;9, 11;13, 15 


^-z-' ^x" +xy^ P(5, 5, 2, 8) 
Diff=(0,i,0,^) 


6,7,11, 
16 


7 


X-' + ax'^y" + bxy^"^ 
n = 3 6/0;5, 7 


+ z^ + x" + ax-'y + bxy" C P(5, 5, 2, 4) 
Diff=(0,i,0,2^) 


3,8 


8 


az^xt/^" + 2(6a;^j/" + cj/^") + 
+1^ + ea;22/*",n = 1 c^0;2 
|a| + |c| + ie| /O 


+ «V a;, y^/") C P(10, 5, 4, 3) 
Diff=(0,0,0,^) 


2,3 


9 


x" + a;^j/" 
n = 5,7;ll 


+ 2^ + x"" + x'^y C P(5, 5, 2, 6) 
DifF=(0, i,0, 2^) 


7,12 


10 


x'' + aa^aj/'' + fex'^j/'" 


+ + a;'' + azxy + bx^y^ C P(5, 5, 2, 3) 
Diff=(0,i,0,|) 


6 


11 


x"" + 

n = 4;7; 8; 11; 13, 14 


t^ + 2^ + a; + 22yCP(2,l,4,3) 
P(2, 1,3), Diff=(0,0, |,^) 


5,7,10, 
11,15 


12 


x'^ + zxy'^,n = 4, 
5, 6; 7; 8, 9, 10 


t^ + z^ + x'' + zxy C P(10, 5, 4, 11) 
Diff=(0,0,0,ii^) 


6,7,11 


13 


x'' + zx^y" 
II = 1, 5, () 


t'^ + + x" + zx^y C P(10, 5, 4. 7) 
Ditt = (0, (),(), ^) 


7 


14 


az''x^^'^ f2-i{x,y) + 
+bx^ fe-j{x,y),j < 1 


^" + z"+5(^^/^x•,y) CP(3,3,1,1) 
Diff=(0,i,0,0) 


2 


15 


az^x-" + bx" + y" 
n = 7;ll 


+z^ + azx + bx^ + y C P(l, 1, 1, 2) 

p^Diff=(o,i,|,^) 


7,12 


16 

(1) 


z^y'^ + z^{x^ + y*) + zy^{x^ + 


+^4^ ^(^^^1/3^^1/2) ^p(2^^^ 2,1) 

Diff=(0,0,2,i) 


3 


17 


az'x'^+'h-i{x\y')+ 
bx^^fs-iix^y') 


+ z' + g{z'^'',x,y'''') cn3,3,l,2) 
Diff=(0,i,0,|) 


4 


18 


az'x^'fi-i{x^y^)+ 




6 
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Diff=(0,i,i,|) 




19 


az^x'-' + bzx'^y" + cx^ + 
+dxy^", n = 3&d 7^ 0; 
n = 4&|fe| + |d| /O 


t' + 2^ + 3(;z,x,yi/") CP(6,3,2,5) 
Diff=(0,0,0,^) 


3,5 


20 


az^a;^ + te® + xy"- 
n = 7;9 


^2 + ^2 + g(^V2^^^j^i/»)^p(3^3^1^5) 
Diff=(0,i,0,2^) 


7,10 


21 


az^x^ + bx*^ + x'^y" 
n = 5; 7 


+ a" + g(z^/", X-, v^/") C P(3, 3, 1, 4) 

Difr=(o,i,o,2^) 


5,8 


22 


az^x^ + zy" + bx*^ 

n = 5;7;8 


^4 ^ ^va, j/Vn) c P(2, 1, 2, 3) 
Diff=(0, 0,2,11^) 


5,7,9 


23 


az'^x'^ + zxy" + cx*^ 
n = 4;5;6 


t^ + «^ + 5r(«,x,2/i/") CP(6,3,2,7) 
Diff=(0,0,0,2i^) 


4,5,7 


24 


x^y + 
n = 7;9; 13; 15 


t'' + z"" + xy + y" C P(n, n, 2n - 2, 2) 
Diff=(0,i,|,0) 


8,11,16, 
20 


25 


az'y^" + bzy^" + 
Wy + dy^"", n = 2,3 


+ + ff(2, x^''^ y) C P(2n, n, 4n - 1, 1) 
Diff=(0, 0,1,0) 


5 


26 


o2^j/" + x'^y + 6?/^" 
n = 5; 7 


+ «^ + azy" + xy + 6y''" C P(n, n, 2n - 1, 1) 
Diff=(0,i,|,0) 


6,10 


27 


yx75-i(a:,J/^) 
i < 3 


t^ + «^ + 5(x,y) CP(11,11,4,2) 
Diff=(0,i,0,0) 


4 


28 


x^y + xy" 
n = 6;8; 10; 12 


^-z"- ^ g{x, y) C P(5n - 1, 5n - 1, 2n - 2, 8) 
Diff=(0,i,0,0) 


7,11,12, 
16 


29 


x^y + ax^j/"+' + bxy-"'^' 
n = 3 6# 0;5 


i'' +Z'' + g(x, y) C P(5n + 2, 5n + 2, 2n, 4) 
Diff=(0,i,0,0) 


4,8 


30 


x'^j/ + x^'j/" 

n = 5;9 


+ Z'' -\- g{x, y) C P(5n - 2, 5n - 2, 2n - 2, 6) 

Diff=(0,i,0,0) 


7,12 


31 


az''xy^ + z{bx'^y^ + cy'') + 
+x^y + ex^2y^ |a| + |c| + [e] / 


f' + z''+ g(z, x, y) C P(14, 7, 5, 3) 
Diff = 


3 


32 


o^; xj/ + x y + bx y 


+ 2" + giz'/^x, y) C P(19, 19, 7, 3) 
Difr=(0,i,0,0) 


6 


33 


zy" + x-'y 
n = 5;8; 10,11 


+ + x^''\y) C P(2n, n, 4n - 3, 3) 

Difr=(o, 0,1,0) 


6,10,15 


34 


zxy" + x^y 
n = 4, 5; 6; 7, 8 


^-z" + g{z, X, y) C P(10n - 2, 5n - 1, 4n - 3, 11) 
Diff = 


6,7,11 


35 


ZX y + X y 
n = 4, 5 


+ 2* + g{z, X, y) C P(10n - 4, 5n - 2, 4n - 3, 7) 
Diff = 


7 


36 


x'y^f7-i-j{x,y) 
i < 2&zj < 2 


t" + z"+5(x,y) CP(7,7,2,2) 
Diff=(0,i,0,0) 


4 


37 


zVHz + yyf4-^^,-i{z,y')+ 

< 2k.j < l&Z < 2 


e + z'' + g{z, x^/^ yi/") C P(2, 1, 4, 1) 
P(2,l,l),Diff=(0,0,f,i) 


7 


38 


x'+y' 


i^ + z^+x + yCP(l, 1,2,2) 
P(l,l,2), Diff=(0,i,f,§) 


28 


39 


x' + xy' 


+ z^ + x' + xy C P(7, 7, 2, 12) 
Diff=(0,i,0,f) 


8 


40 


az'^xy^ + x^ + bx'^y*^ 


+ z' + g{z'^-',x,y'r^) cn7,7,2,5) 
Diff=(0,i,0,2) 


10 


41 


x' + x'^y" 


t'' + 2^ + x' + x'^y C P(7, 7, 2, 8) 
Diff=(0,i,0,i) 


16 
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42 


zxy'^ + x' 


t^+z''+ x' + zxy C P(14, 7, 4, 17) 
Diff=(0, 0,0,1) 


10 


43 


zx''y'^ + x' 


t' + z^ + x' + zx'y C P(14, 7, 4, 13) 
Diff=(0, 0,0,1) 


13 


44 


az'^y'^ + bzy^+ 
+x^y + cy^ 


t^ + 2;4 + s(«,a;i''«,j/) CP(4,2,7, 1) 
P(2,l,l), Diff=(0, 0,5,0) 


6 


45 


x^y + ax'^y^ + by^ 


f + z'' + g{x^^'-\y) CV{9,9,8,2) 
Diff=(0, 1,2,0) 


12 


46 


x'^y + xj/" 

n = 7;8 


t^ + z^ + x^y + xy"" C P(6n - 1, 6n - 1, 2n - 2, 10) 
Diff=(0,i,0,0) 


8,20 


47 


az xy + X y + ox y 


+ + x, y) C P(17, 17, 5, 4) 
Diff=(0,i,0,0) 


8 


48 


zy' +x'='y 


t' + z''+ zy' +xyc P(14, 7, 25, 3) 
Diff=(0, 0,1,0) 


18 


49 


zxy^ + x'^y 


t-'+z'^ + zxy" + x^y C P(58, 29, 17, 14) 
Diff = 


7 


50 


zx^y"^ + a;**?/ 


i-' + z'' + zxy* + x-^y C P(22, 11, 13, 5) 
Diff=(0,0, i,0) 


10 


51 


+(2a;5 III 
t < 2&j < 2&(j < 1 III i = 0) 


e +z''+g{z,x"\y"-')(in%^,i,^) 
Diff=(0,0,|,i) 


5 


52 


a^'y" + 

R = 9; 11 


+z^ + xy'' + C P(n, n, 2n - 4, 2) 
Diff=(0,i,i,0) 


15,20 


53 


az^y'' + + hy^^ 


+ 2^ + aiy'^ + xy' + C P(5, 5, 8, 1) 
Diff=(0,i,i,0) 


10 


54 


x'^y^ + xy"" 
n = 7;9 


i' + z' + x^y' + xy" C P(5n - 2, 5n - 2, 2n - 4, 8) 
Diff=(0, 1,0,0) 


11,16 


55 


x^y^ + ax^y^ + 6a;j/** 


t'' + «^ + g{z'''\x, y) C P(19, 19, 6, 4) 
Diff=(0,i,0,0) 


8 


56 


az^xy^ + x^y'^ + te^y^ 


+ z^ + g(z^''\x, y) C P(13, 13, 4, 3) 
Diff=(0, i,0,0) 


6 


57 




f' + z- + g{z^''\x. y) C P(31. 31. 10. 6) 
Ditt = ((), 7,0,0) 


12 


58 


+ x^'y^ 


i' ^z" + zy' + xy' C P(14, 7, 22, 3) 
Diff=(0, 0,1,0) 


11 


59 


zy" + x^y^ 


+ + zy" + xy(Z P(8, 4, 13, 3) 
Diff=(0,0,|,i) 


15 


60 


zxy'' + x''y"' 


t' ^-z" + g{z,x,y) CP(46,23, 14, 11) 
Diff = 


7 


61 


za;j/ + X y 


t' + z'' + zxy-" + x'^y C P(28, 14, 9, 11) 
Diff=(0,0,0,i) 


11 


62 


2 4, b 2 

aa; J/ + a; j/ 


+ + 2a;^j/^ + x'^y C P(16, 8, 5, 7) 
Diff=(0,0,0, i) 


7 


63 


az'y" + zx" + by'" 
n = 3 6^ 0;5;7 


t'' + 2* + az^y + zx + by' C P(2, 1, 3, 2) 

Difr=(o,o, 1,2^) 


4,5,8 


64 


zx'' + y" 
n = 7;9; 11; 13; 15 


t^ + «*+za; + j/CP(2,l,3,4) 
P(2,l,3), Diff=(0,0,|,2i^) 


7,9,12 
13,16 


65 


az'yx''h-iix',y')+ 


^^ + ^^ + y(^,a:^/^2/) CP(4,2,3,1) 


2 
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f2-i{x^,y'),i^0\\j = 0\\1<1 


DifF=(0,0, i,0) 




66 


az-'y'' + z{x'' + by'') + 
+cx^y^ + dy^'\, \a\ + \b\ + |d| / 


+ + a;^/^ y^/'^) C P(2, 1, 3, 1) 
Diff=(0, 0,1,1) 


4 


67 


«a;* + xy", n = 5; 6; 
7; 8, 9; 10; 11, 12 


+ + zx" ^xyC P(8, 4, 3, 13) 
DifF=(0,0,0,2^) 


5,6,7, 
9,10,13 


68 


az^xy" + za;" + bx^y^" 
n = 3 6# 0,4 


t^ + «^ + 3(z,x-,j/i/") CP(8,4,3,5) 
Diff=(0,0,0,^) 


5 


69 


zx" + x'^y"- 
n = 7;9 


+ 2* + a;a;'' + C P(4, 2, 3, 5) 
Diff=(0,0,i,2-i) 


7,10 


70 


zx" + x-'y" 
n = 5, 6 


+ + zx* + x^y C P(8, 4, 3, 7) 
Diff=(0,0,0,ii^) 


7 


71 


zx'^+y" 
n = 7;9 


+ + ax + yCP(2, 1,3,4) 
P(2,l,3),DifF=(0, 0,1,2;^) 


7,10 


72 


zx" + xy" 
n = 6;7;8 


-Vz" + zx"" + xy C P(10, 5, 3, 17) 
Diff=(0,0,0,^) 


6,7,17 


73 


za;'' + x'^'y" 


t"- + z" + zx"" + x^y C P(10, 5, 3, 14) 
Diff=(0,0,0, 1) 


7 


74 


az^xy'' + zx"' + bx^y'' 


+z" + g{z,x, y^'-') C P(10, 5, 3, 7) 
Diff=(0, 0,0,1) 


7 


75 


zx^ + x-^y" 


+ z" + zx'' + x'y C P(10, 5, 3, 11) 
Diff=(0, 0,0,1) 


11 


76 


zx"y + y" 
n = 7;9;ll 


t'' + z" + zxy + y" C P(2n, n, 3n - 4, 4) 
Diff=(0,0, 1,0) 


9,12,16 


77 


az^y" + z{x"y + by'') + 
+cx"y^ + dy^, \a\ + \b\ + |d| / 


t' + z"+g{z,x'''",y)cP{4,2,5, 1) 
Diff=(0,0,|,0) 


4 


78 


az^y" + zx"y + by^° 


+ z" + g{z, x^l", y) C P(10, 5, 13, 2) 
Diff=(0, 0,1,0) 


8 


79 


zx"y + xy" 
n = 6;7,8;9 


+ z" + g{z, X, y) C P(8n - 2, 4n - 1, 3n - 4, 13) 
Diff = 


7,10,13 


80 


za;*3/ + x^y" 
n = 5;7 


+z" + zx'^y + xy" C P(4n - 2, 2n - 1, 3n - 4, 5) 
Diff=(0,0,i,0) 


6,10 


81 


az'^xy'^ + ^;a;"'j/ + fea;^?/'' 


t^ + «''+ff(2,x,y) CP(22,11,7,5) 
Diff = 


5 


82 




t^ + «''+Sr(a,x,y) CP(34,17,11,7) 
Diff = 


7 



(1) There are two cases. A), + z** + z^(aa;^ + by"^) + zy'^{cx-^ + dy^) + ex^ + 
kx^y^+ly^. Then the singularity is exceptional if the following condition is satisfied: 
\b\ + \d\ + \l\j^O k (e 7^ II (a ^ & |c| + |A;| + |Z| ^ 0)). 

B). t"^ + z^y"^ + z^x^ + zy'^{ax^ + by'^) + cx^ + dx^y'^ + ey^. The exceptionality 
condition is |a6| + jcj + jdj + jej 7^ & jaj + |6| + jdj + jej 7^ . 



3. Singularity - + z^x + g{z, x, y) 



1 


azx'Y" + s" + fey"" 
n = 2 & 7^0;3,4 


+ z-'x + azx^'y' + x" + by" C P(15, 8, 6, 5) 
Diff=(0,0,0,^) 


4,5 


2 


azx^y" + x'' + by-'" 
n = 3 6 7^ 0; 7, 9 


t + z^x + azx'-'y + x'' + by* C P(15, 4, 3, 5) 
P(4,3,5), Diff=(i,0,0,^) 


4,10 


3 


n = 7; 11; 13; 17; 19; 


t + «x + x'' + y C P(5, 4, 1, 5) 
P(4,l,5),Diff=(i,2,0,2^) 


7,12,14, 
18,22,24, 
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23;29 




30 


4 


+ y'" 
n = 4, 7; 8; 11, 13, 14 


+ «x + x"" + 2/'' C P(5, 8, 2, 5) 
Diff=(0,2,0,2_i) 


7,9,15 


5 


x'{x + yyh-,-^{x,y') 
« < 1 & j < 3 


J^ + 2X + 5(x,2y) CP(5,8,2, 1) 
Diff=(0, 1,0,0) 


3 


6 

(1) 


z'yf2{x,y^) + zy'f3{x,y^)+ 

+Mx,v^) 


* + z^x + g{z, X, y) C P(15, 4, 3, 1) 
P(4,3,l), Diff=(i, 0,0,0) 


2 


7 


x''U-i{x,y^) 
i < 3 


t" + 2x + 5(x,2/^/") CP(5,8,2,1) 
Diff=(0,i,0,i) 


3 


8 


t < 3 


f + 2x + 5(x,y^/^) CP(5,4,1,1) 
P(4,l,l), Diff=(i,|,0,i) 


6 


9 


x" + X^J/^" 

n = 4, 5, 7, 8 


e + ZX + X'' + x^y^ C P(5, 8, 2, 3) 
Diff=(0,2,0,ii^) 


9 


10 


x" + X^J/" 

n = 7;ll;13, 17 


t + zx + x'' + x^2/ C P(5, 4, 1, 3) 
P(4, 1,3), Difr=(i,|,0, 2-i) 


10,12,18 


11 


x^ + zy"" 
n = 3; 4, 5; 6 -10 


+ z-'x + x^ + zy-' C P(15, 8, 6, 11) 
Diff=(0,0,0,ii^) 


3,5,11 


12 


X'' + ^?/",n = 5; 7; 
9; 13; 15; 17, 19,21 


t + z^'x + x" + zy(l P(15, 4, 3, 11) 
P(4,3,ll), Diff=(i,0,0,2^) 


6,7,10 
14,16,22 


13 


X-'' + Z^J/^" 

n = 2, 3; 4, 5, 6 


+ z^'x + x"" + z^j/^ C P(15, 8, 6, 7) 
Diff=(0,0,0,2^) 


6,7 


14 


x" + 2^2/" 

n = 5; 9, 11,13 


t + z^'x + x" + z^y C P(15, 4, 3, 7) 
P(4,3,7), Diff=(i,0,0,^) 


6,14 


15 


x'(x + ?/T/6-.-.(x,y") 

n = l& i = 0&i<l, 
n=2&i<2&j<4 


t" + 2X+fir(x,2/) CP(3,5,1,1) 
Diff=(0,|,0,ii^) 


3 


16 


n = 7; 11; 13; 17 


t^+zx + x^ + yC P(3, 5, 1, 6) 
P(3,5,l), Diff=(0,2,0,2;^) 


7,12,13 
18 


17 


x^' /.-,(•'■'■?/"') 
(/( = l;r))<t/ = 0: (7.8).^-/ S i 


f^ + ex + gf.T. v^''") CP(3.5. 1.3) 
Ditt = (0,i.(),^) 


4.6.9 


18 


+&^^/V^■+Vl-.(x^y') + 
+x2'/3-^(x^y^),i = 0||j=0||/ = 


+ ^•'x + g{z, X, y) C P(9, 5, 3, 2) 
Diff = 


2 


19 


x^'/3-^(x^2/^) 
« < 1 


t"+0X + 5(x,t/^/'^) CP(3,5,1,2) 
Diff=(0, 1,0,1) 


6 


20 


x" + 

n = 7;11 


t'' + «x + x" + x^y C P(3, 5, 1, 4) 
Diff=(0,2,0,^) 


7,12 


21 


az^'y^ + bzx^y^ + x^+ 

^cx^y\ \a\ + |c| / 


e + z^'x + g{z, X, 2/'/^) C P(9, 5, 3, 4) 

Diff=(0,0,0,2) 


4 


22 


x'' + 2;y",n = 5; 
6, 7; 8; 9, 10; 11, 12 


i-" + z:'x + + 21/ C P(9, 5, 3, 13) 
Diff=(0,0,0,2^) 


5,7,8, 
10,13 


23 


x" + ^X^J/" 

n = 5, 6 


i"- + z-'x + x" + «x^2/ C P(9, 5, 3, 7) 
Diff=(0,0,0,2^) 


7 


24 


x'' + 2^2/" 

n = 5; 7 


+ z-'x + x" + z'-y C P(9, 5, 3, 8) 
Diff=(0,0,0,^i^) 


5,8 


25 


x^j/ + 1/" 
n = 7;9; 13; 15; 19; 25 


t + ax + x''2/ + 2/" C P(5n, 4n + 1, n - 1, 5) 
P(4n + l,n- 1,5), Diff=(i, §, o, 0) 


8,10,15 

18,22,30 


26 


x^2/ + 2/^" 


+ zx + x''2/ + 2/""" C P(5n, 8n + 1, 2n - 1, 5) 


7,15 
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n = 5, 6; 9, 11,12 


Diff=(0, 1,0,0) 




27 


n = 1 6^0; 2, 3 


+ z-'x + g{z, X, y) C P(15n + 5, 8n + 3, 6n + 1, 5) 
Diff = 


4,5 


28 


azx^y" + x^y + by"""' 
n = 6,8 


t + z''x + g{z, X, y) C P(15n - 5, 4n - 1, 3n - 2, 5) 
P(4n- l,3n-2,5), Diff=(i, 0, 0, 0) 


10 


29 
(2) 


zMx,y') + z'y''+ 

+yf-,ix,y^) 


i + 0^a; + ff(2,a;,j/) CP(11,3,2,1) 
P(3,2,l), Diff=(l, 0,0,0) 


2 


30 


yx'f5-i{x,y') 
i < 3 


t' + zx + g{x,y) CP(8, 13,3,1) 
Diff=(0, 1,0,0) 


3 


31 


yx'-fB-i{x,y'') 
i < 3 


t + zx + g{x,y) CP(21,17,4,1) 
P(17,4,l), Diff=(i, 2,0,0) 


6 


32 


x^y + x^y" 
n = 9;ll;15 


t + zx + x^y + x^y" C P(5n - 2, 4n - 1, n - 1, 3) 
P(4n - 1, n - 1, 3), Diff=(i, |, 0, 0) 


10,12,18 


33 


n = 4,6,7 


t^ + zx + x^y + x'^y"" C P(5n - 1, 8n - 1, 2n - 1, 3) 

Diff=(0, |,0,0) 


9 


34 


x'-'y + zy^''+' 
n = 2;3,4;5-8 


t-' + z-^x + g{z,x, y) C P(15n + 8, 8n + 5, 6n + 1, 11) 
Diff = 


3,5,11 


35 


x''y + zy",n = 6; 
10, 12; 14; 16, 18 


t + z-'x + x^y + zy"^ C P(15n + 1, 4n + 1, 3n - 2, 11) 
P(4n+l,3n-2,ll), Diff=(i, 0, 0, 0) 


7,14,16, 
22 


36 


x^y + z^y" 
n = 3; 7; 9, 11 


t + z-^x + g{z, x, y) C P(15n + 2, 4n + 1, 3n - 1, 7) 
P(4n + 1, 3n - 1, 7), Diff=(i, 0, 0, 0) 


6,8,14 


37 


x^y + z'y''' 

n = 2;3,4,5 


+ z'^x + g{z, x, y) C P(15n + 1, 8n + 1, 6n - 1, 7) 
Diff = 


6,7 


38 
(3) 


zh{x,y) + f7{x,y) 


t + z-^x + g(z, X, y) C P(7, 2,1,1) 
P(2,l,l), Diff=(i, 0,0,0) 


2 


39 


xV/2-i(«,a;2)+j/2" 
n = 4,5;6 


t^ + 2^a; + ff(2,a;,j/^/") CP(7,4,2,7) 
Diff=(0,0,0,2^) 


5,7 


40 


n = 9;ll;13 


t + z^x + g{z, X, y'^") C P(7, 2, 1, 7) 
P(2,l,7),Diff=(i,0,0,^) 


10,12,14 


41 


+bzx^y'^ + cx'^y'^ + dxy^ 
|a| + MI/0 


+ z^x + g{z, X, y'''') C P(7, 4, 2, 3) 
Diff=(0,0,0,i) 


3 


42 


x'-^z^ j2-i{z,x^) +az^y-'+ 
+bzx'^y'' + cx^y'' + dxy^'-'' 
\a\ + \b\ + '\d\^0 


t + 2^x + 5(2,a;,j/i/5) CP(7,2,1,3) 
P(2,l,3),Diff=(i,0,0,|) 


6 


43 


x'-^z'f2-i{z,x^) +azy^" + 
+bx'^y^",n = 3 a 7^ 0;4 


e + z-'x + g{z, X, y'^") C P(7, 4, 2, 5) 
Diff=(0,0,0,2^) 


3,5 


44 


+bx^y'',n = 7; 9 


t + z^'x + g{z,x,y'''') C¥{7,2,1,5) 
P(2,l,5), Diff=(i,0,0,^) 


8,10 


45 


x^y + y" 
n = 8, 12, 14 


+ 2a: + x^y + y" C P(3n, 5n + 1, n - 1, 6) 
Diff=(0,|,0,0) 


9 


46 


x^y + bx-'y"+' + cy'"+' 
(c/0 & (n = 4,5));7 


t + zx + g{x,y) C P(6n + 3, 5n + 3, n, 3) 
Diff=(i, 1,0,0) 


6,18 


47 


yx-"' f-A-i{x\y-^) 
i < 1 


i^+zx + g{x,y) CP(10,17,3,2) 
Diff=(0, 1,0,0) 


3 


48 


yx\x + yyfe-i-Ax,yn 
i < 3&j < 5 


t + 2a; + 3(a;,y) CP(13,11,2,1) 

Diff=(i, 1,0,0) 


6 


49 


x'^y + x'y''' 


i^ + zx + x^y + x^y'-" C P(29, 49, 9, 4) 


12 



60 







Diff=(0, |,0,0) 




50 


+cx^y^, \a\ + |c| / 


+ z-'x + x, y) C P(23, 13, 7, 4) 
Diff = 


4 


51 


x^y + zy" 
n = 6, 7, 8, 9; 10, 11 


t + + x'y + zy" C P(18n + 1, 5n + 1, 3n - 2, 13) 
P(5n+l,3n-2,13), Difr=(i, 0, 0, 0) 


10,26 


52 


x*^y + zx'^y'^ 
n = 5, 6 


t^-z^'x^- x^y + 2X^3/" C P(18n - 5, 5n - 1, 3n - 2, 7) 

P(5n- l,3n-2,7), Diff=(i, 0, 0, 0) 


14 


53 


n = 2;5 


+ ZX + x"y + y^" C ¥{5n, 8n + l,2n- 1, 5) 
Diff=(0,|,0,i) 


7,15 


54 


n = 7;9 


+ 2X + g{x, y) C P(57'i, 871 + 2, 2n - 2, 5) 
Diff=(0,2,0,0) 


9,15 


55 


x^'y^ + y" 
n = 9; 11; 15; 21 


t + + g{x, y) C P(57'i, 4ri + 2, n - 2, 5) 
P(4n + 2,n-2,5) Difr=(i, |, 0, 0) 


12,15,22, 
30 


56 


azx'^y'' + x^y'^ + by'" 
6/0 


e + z^'x + g{z,x,y)c P(25, 14, 8, 5) 
Diff = 


4 


57 


azx^y"" + x^y^ + by""-'^ 
n = 5, 7 


f + z''x + g(z, X, y) C P(15n - 10, 4n - 2, 3n - 4, 5) 
P(4n - 2, 3n - 4, 5), Diff=(i, 0, 0, 0) 


10 


58 


azx^y*^ + x^y^ + by^*^ 


e + z-'x + g{z, X, y'''^)<Z P(20, 11, 7, 5) 
Diff=(0,0,0,i) 


5 


59 


y''x'f5^i{x,y'') 
i < 3 


t + 2X + p(x, y) C P(17, 14, 3, 1) 
P(14,3,l), Diff=(i, 1,0,0) 


6 


60 


xS' + x'W 


e + ZX + x^y^ + x^y'" C P(23, 38, 8, 3) 
Diff=(0, 2,0,0) 


9 


61 


x-'y'^ + x''y'^ 
n = 7;9;13 


t + zx + x''y^ + x^y" C P(5n - 4, 4n - 2, n - 2, 3) 
P(4n-2,n-2,3), Diff=(i, |, 0, 0) 


10,12,18 


62 


x°y +x y 


t^ + zx + x^y + x^y" C P(14, 23, 5, 3) 
Diff=(0,|,0,i) 


9 


63 


x'y' + zy^"+'' 
n = 1;2,3 


+ z^x + g{z, x, y^''^) C P(15n + 8, 8n + 5, 6n + 1, 11) 
Diff=(0,0,0,i) 


5,11 


64 


x^'y^ + zy" 
n = 7; 9, 11; 13, 15 


t + z''x + x^y^ + zy"" C P(15n + 2, 4n + 2, 3n - 4, 11) 

P(4n + 2, 3n - 4, 11), Diff=(i, 0, 0, 0) 


10,16,22 


65 


x'y' + zy''- 
n = 2;3 


+ z^x + g{z, x,y) C P(30n + 1, 16n + 2, 12n - 4, 11) 
Diff = 


5,11 


66 


x^'y' + z'y" 


+ z-'x + g{z, X, y) C P(47, 26, 16, 7) 
Diff = 


7 


67 


xV + ^V" 

n = 1;2 


+ z^x + g{z, X, y^^^) C P(15n + 1, 8n + 1, 6n - 1, 7) 
Diff=(0,0,0,i) 


6,7 


68 


x^y' + 

n = 5;7,9 


t + z''x-\- x^y^ + z^y'^ C P(15n + 4, 4n + 2, 3n - 2, 7) 

P(4n + 2,3n-2,7), Diff=(i, 0, 0, 0) 


8,14 


69 


x\x + yy Sf.-^-j{x,y) 
i < 1 & j < 3 


e + zx + g{x,y) CP(4,7, 1,1) 
Diff=(0,2,0,0) 


3 


70 


+ a«a;^j/^ + j/^ 


t'' + z-'x + x** + azx^j/ + y' C P(12, 7, 3, 8) 
Diff=(0,0,0,2) 


4 


71 




^-zx + x"" + ax^y + C P(4, 7, 1, 4) 
Diff=(0,2/o,|) 


6 


72 




+ ZX + X'' + yC P(4, 7, 1, 8) 
P(4,7, l),Diff=(0,2,0,12) 


12 


73 


a;** + x^'y' 


-^-zx + x" + x^y C P(4, 7, 1, 6) 


9 



61 







Diff=(0,|,0,2) 




74 


+ ax^y" + x-'y" 


+ «K + + ax""?/ + x^y"" C P(4, 7, 1, 3) 
Diff=(0,|,0,|) 


9 


75 


cz^y'^ + azx'^y^ + hx^ + 
+dx^y'^,c^O 


P + z^a; + g{z., x, y^''^) C P(12, 7, 3, 5) 

Difr=(o,o,o,i) 


5 


76 


x"* + x'-^y' 


+ ZX + X'' + x'^y C P(4, 7, 1, 5) 

Diff=(0,|,0,f) 


15 


77 


x" + zy"" 
n = 6,7;8 


+ z^x + x'' + zy C P(12, 7, 3, 17) 
Diff=(0,0,0,2^) 


7,17 


78 


a;** + zx^y^ 


+ z-'x + x'' + zx^y C P(12, 7, 3, 11) 
Diff=(0, 0,0,1) 


11 


79 


x'y + y'' 
n = 9;ll 


t + zx + x'y + y" C P(7n, 6n + l,n - 1, 7) 
P(6n+l,n- 1,7), Diff=(i, 2, 0, 0) 


10,12 


80 


n = 5; 6 


f +ZX + x'y + t/^" C P(7n, 12n + 1, 2n - 1, 7) 

Diff=(0, 1,0,0) 


12,21 


81 


x'y + x^'y" 
n = 7; 9 


t + ZX + g(x,y) cP(7n-2,6n- l,n~ 1,5) 
P(6n- l,n- 1,5), Diff=(i, |, 0, 0) 


16,30 


82 


7 1 — R 

X y + x y 


t^+zx + g{x, y) C P(27, 47, 7, 5) 
Diff=(0, 1,0,0) 


15 


83 


x'y + zy"" 
n = 6;8 


t + z-^x + g{z, x, y) C P(21n + 1, 67-1 + 1, 3n - 2, 15) 
P(6n+l,3n-2,15), Difr=(i, 0, 0, 0) 


10 


84 


x'y + zy' 


+ z-'x + g{z, X, y) C P(74, 43, 19, 15) 
Diff = 


5 


85 


x'y + zx^y'' 


+ z-'x + g{z, X, y) C P(50, 29, 13, 9) 
Diff = 


9 


86 


x'y + z^y* 


f + z-'x + g{z, X, y) C P(43, 25, 11, 9) 
Diff = 


9 


87 


x'y + z^y" 


i + z-^x + g{z, X, y) C P(107, 31, 14, 9) 
P(31, 14,9), Diff=(i, 0,0,0) 


18 


88 


x'-y' + y" 
n = 9; 13 


+ ZX + x'^y^ + y" C P(3n, 5n + 2, n - 2, 6) 
Diff=(0, 1,0,0) 


12,18 


89 


x'^y' + ax-'y'' + 
n = 6 6 / 0;7 


+ ZX + g{x, y) C P(3n - 3, 5n - 4, n - 2, 3) 
Diff=(0, 1,0,0) 


6,9 


90 


y'x'^h-i{x\y') 
i < 1 


e + zx + g{x,y) CP(11,19,3,2) 
Diff=(0, 1,0,0) 


6 


91 


x'^'y' + az^j/** + 62:2:^2/^+ 
+cx\^ \a\ + |c| ^ 


+ z^'x + g{z, X, y) C P(19, 11, 5, 4) 
Diff = 


4 


92 


a** J/'' + x'^j/'' 


+ZX + g{x, y) C P(25, 43, 7, 4) 
Diff=(0, |,0,0) 


12 


93 


+ zj/" 
n = 6;7, 8;9 


t-" + z^x + g{z, y) C P(9n + 1, 5n + 2, 3n - 4, 13) 
Diff = 


7,10,13 


94 




+ z-\i- + g{z. T. 1/) C P(4n. 23. 11. 7) 
Diff = 


7 


95 


x^y^ + z^y"" 


+ z-^x + g{z, X, y) C P(47, 27, 13, 8) 
Diff = 


8 


96 


azx^y"- + x'^y^ + 61/^ 
6/0 


t + z-^x + g{z, X, y) C P(45, 13, 6, 5) 
P(13,6,5), Diff=(i, 0,0,0) 


4 


97 




+ z'^x + g{z, X, y) C P(30, 17, 9, 5) 


5 



62 







Diflf = 




98 




t + z^x + g{z, X, C P(25, 7, 4, 5) 
P(7,4,5), Diff=(i,0,0,2) 


10 


99 


n = 5;7,8 


i'' + ZX + g{x,y) C P(5n, 8n + 3, 2n - 3, 5) 
Diff=(0, 1,0,0) 


9,15 


100 


x'^y' + 2/" 
n = 11; 17 


t + zx + g{x, y) C P(5n, 4n + 3, n - 3, 5) 

P(4n + 3,n-3,5), Diff=(i, |, 0, 0) 


22,30 


101 


yx\x + y'y f6-i-j{x,y^) 
i<3k j <5 


t + zx + g{x,y) CP(13, 11,2,1) 
P(ll,2,l), DifF=(i, 1,0,0) 


6 


102 


x^y" + s^j/" 
n = 7;ll 


t + zx-\- g{x, y) C P(5n - 6, 4n - 3, n - 3, 3) 
P(4n-3,n-3,3), Diff=(i, §, 0, 0) 


10,18 


103 


x^y^ + x^y^" 
n = 4, 5 


e + ZX + g{x, y) C P(5n - 3, 8n - 3, 2n - 3, 3) 
Diff=(0, 1,0,0) 


9 


104 


x'y' + zy"^ 
n = 2;4 


t + z''x + x^y + zy"" C P(15n + 1, 4n + 1, 3n - 2, 11) 

P(4n + l,3n-2, 11), Diff=(i, 0, 0, |) 


10,22 


105 


x^y" + 
n = 3; 5 


e + z-'x + g{z, x, y) C P(15n + 9, 8n + 7, 6n - 3, 11) 
Diff = 


5,11 


106 


x^'y' + zj/" 
n = 8; 10 


t + z-'x + g{z, X, y) C P(15n + 3, 4n + 3, 3n -6,11) 
P(4n + 3,3n-6, 11), Diff=(i, 0, 0, 0) 


16 


107 


X y +zy 


+ z'x + x^i/ + zy"" C P(23, 13, 7, 11) 
Diff=(0,0,0,2) 


11 


108 


x^y^ + z^y" 


+ z^'x + ^(a, X, y) C P(33, 19, 9, 7) 
Diff = 


7 


109 


x"y' + 
n = 5; 7 


t + z-^x^ g{z, X, y) C P(157'i + 6, 4n + 3, 3n - 3, 7) 
P(4n + 3, 3n, - 3, 7), Diff=(i, 0, 0, 0) 


8,14 


110 


x^'y' + z'y" 


i'' + a'' a; + x^'y + z^y" C P(16, 9, 5, 7) 
Diff=(0,0,0,2) 


7 


111 


x\x + yyy''U-,-j-k{x,y) 
j<2&i<4&fe<4 


t + zx + g{x,y) CP(9,8, 1,1) 
P(8,l,l),Diff=(i, 1,0,0) 


6 


112 


x' + y'' 


f + zx + x"" + y'' (Z P(9, 16, 2, 9) 
Diff=(0,|,0,i) 


15 


113 




+ ^a; + x' + x^-y^ C P(9, 16, 2, 7) 
Diff=(0,|,0,|) 


21 


114 


a;" + zy' 


t + z'^x + x"* + «3/ C P(27, 8, 3, 19) 
P(8,3,19), Diff=(i, 0,0,1) 


14 


115 


g 2 — 5 

X + zx y 


t + ^■'x + x" + zx^y C P(27, 8, 3, 13) 
P(8,3,13), Diff=(i, 0,0,1) 


26 


116 


x' + zV 


+ z^'x + x" + z^y-" C P(27, 16, 6, 11) 
Diff=(0,0,0,i) 


11 


117 


x'y + y'' 


+ZX + g{x, y) C P(40, 71, 9, 8) 
Diff=(0, |,0,0) 


12 


118 


x^y + x-'y" 


i-" + ZX + x^y + x^y" C P(31, 55, 7, 6) 

Difr=(o,|,o,o) 


18 


119 


x^y + x^y' 


t + zx^x'^y^ x-'y ' C P(53, 47, 6, 5) 
P(47,6,5), Diff=(i, 2,0,0) 


30 


120 


x^y + zy' 


t + z-'x + g(z, X, y) C P(169, 50, 19, 17) 
P(50, 19,17), Diff=(i, 0,0,0) 


24 


121 


x'*y + zx^'y'' 


t + z''x + g{z, X, y) C P(115, 34, 13, 11) 


22 



63 







P(34,13,ll), Diff=(i, 0,0,0) 




122 


x^y + z^y" 


+ z-'x + g{z, X, y) C P(49, 29, 11, 10) 
Diff = 


10 


123 


x'y' + y'' 


+ ZX + g{x, y) C P(35, 62, 8, 7) 
Diff=(0, 1,0,0) 


12 


124 


x'y^ + y'' 


t + zx + g{x, y) C P(77, 68, 9, 7) 

P(68,9,7), Diff=(i, 2,0,0) 


42 


125 


x'y^ + x-'y'' 


+ zx + x' y + x-'y'^ C P(13, 23, 3, 5) 
Diff=(0,|,0,i) 


15 


126 


x'y'' + zy' 


t-\-z-'x + g{z,x,y) C P(149, 44, 17, 15) 
P(44, 17, 15), Diff=(i, 0,0,0) 


10 


127 


X y + zx y 


t + z-'x + g{z,x,y) C P(95, 28, 11, 9) 
P(28,ll,9), Diff=(i, 0,0,0) 


18 


128 


x'y'^ + z^y'^ 


e + z^'x + x'y + a^j/^ C P(22, 13, 5, 9) 
Diff=(0,0,0,i) 


9 


129 




+ ZX + x^y" + y'" C P(30, 53, 7, 6) 
Diff=(0, |,0,0) 


9 


130 




t + zx + x^y" + y'' C P(33, 29, 4, 3) 
P(29,4,3), Diff=(i, 2,0,0) 


18 


131 


x'^y'' + x^y" 


i^+zx + x^y' + x'y" C P(21, 37, 5, 4) 
Diff=(0,2,0,0) 


12 


132 


X y +zy 

n = 7; 8 


t + z'x + g{z, x, y) C P(18n + 3, 5n + 3, 3n - 6, 13) 

Diff=(i, 0,0,0) 


10,26 


133 


x'-'y-^' + zx:^y-' 


t + z-'x + g{z, x, y) C P(75, 22, 9, 7) 
P(22,9,7), Diff=(i, 0,0,0) 


14 


134 


x^'y'+z'y'^ 


i' + z-'x + g{z, X, y) C P(39, 23, 9, 8) 
Diff = 


8 


135 


x'y' + y'' 


i' + ZX + g{x, y) C P(25, 44, 6, 5) 
Diff=(0, |,0,0) 


9 


136 


x'y'^ + y'' 


t + z'x + g{x, y) C P(55, 16, 7, 5) 
P(16,7,5), Diff=(i, 0,0,0) 


10 


137 


X y +y 


f' + zx + x"y' + C P(15, 26, 4, 5) 
Diff =(0, 2,0, i) 


15 


138 


X y + y 


i + zx + g(x. y) C P(65. 56. 9. 5) 
PXr)6. 9,.")), DiH = (^, 2,0, 0) 


30 


139 


a;V + a;V 


t + zx + g{x, y) C P(37, 32, 5, 3) 
P(32,5,3), Difr=(i, 2,0,0) 


18 


140 


x'y'' + zy" 
n = 7;9 


t + z^x + g{z,x,y) C P(15n + 4, 4n + 4, 3n - 8, 11) 
P(4n + 4,3n-8, 11), Diff=(i, 0, 0, 0) 


16,22 


141 


x'Y + ^y' 


+ z^x + x"y' + zy'' C P(31, 18, 8, 11) 
Diff=(0,0,0, i) 


11 


142 


azx'' + bx--'y'^ + z'^y* 


t' + z\r + g(z. X. y'^l'^) C P(17. 10. 4, 7) 
Ditt = ((), (),(), i) 


7 


143 


x'y'^+z'y' 


t + z-'x^ g<yz,x,y) C P(83, 24, 11, 7) 
P(24, 11,7), Diff=(i, 0,0,0) 


14 


144 


zx" + y^" 
n = 4, 5; 6, 7; 8, 9, 10 


+ z-'x + zx* + C P(ll, 6, 4, 11) 
Diff=(0,0,0, ^) 


5,7,11 


145 


zx'' + y",n = 7; 


t + «^a; + zx" + y C P(ll, 3, 2, 11) 


7,10,14, 



64 





9; 13; 15; 17; 19,21 


P(3,2,ll), Diff=(i,0,0,2^) 


16,18,22 


146 


n = 4,5,6 


+ z'-x + zx'^ + a;''y^ C P(ll, 6, 4, 7) 
Difr=(0,0,0,^) 


7 


147 


zx'*' + x^y" 
n = 9;ll, 13 


t + z^a; + ax" + a;^y C P(ll, 3, 2, 7) 
P(3,2,7),Difr=(i,0,0,2^) 


10,14 


148 


zx" + o«^2/" + 6x^2/" 

n = 3 afe / 0; 7, 9 


t + z^x + g{z, x, y^/") C P(ll, 3, 2, 5) 
P(3,2,5), Diff=(i,0,0,2^) 


4,10 


149 


zx^ + az^y^^ + bx'^y^^ 
n = 2 ah ^ 0,3 a / 0; 4 


+ z^x + X, 2/^/") C P(ll, 6, 4, 5) 
DifF=(0,0,0,2^) 


4,5 


150 


zx^y + y-"" 
n = 4;5,6; 7,8 


+ z-'x + g{z, X, y) C P(lln, 6n + 1, 4n - 3, 11) 
Diff = 


5,7,11 


151 


zx'^y + y" 
n = 9;ll;13; 15; 17 


f + z^a; + g{z, x, y) C P(lln, 3n + 1, 2n - 3, 11) 
P(3n + 1, 2n - 3, 11), Diff=(i, 0, 0, 0) 


10,14,16, 
18,22 


152 


zx^'y + x^y'"' 
n = 4, 5 


i-" + z'^x + g{z, x, y) C P(lln - 3, 6n - 1, 4n - 3, 7) 
Diff = 


7 


153 


zx'^y + x^'y" 
n = 7; 9; 11 


t + z-'x + g{z,x, y) C P(lln - 6, 3n - 1, 2n - 3, 7) 
P(3n - 1, 2n - 3, 7), Diff=(i, 0, 0, 0) 


8,10,14 


154 


zx'^y + x'^y' 


i'' + z-'x + g{z, X, y) C P(34, 19, 11, 5) 
Diff = 


5 


155 


zx'^y + x'^y'^ 


t + z-'x^ g{z,x,y) C P(79, 22, 13, 5) 
P(22,13,5), Diff=(i, 0,0,0) 


10 


156 


zx'^+y^ 
n = 9;ll 


t + z'x + zx" + y(Z P(17, 5, 2, 17) 

P(5,2,17), Diff=(i,0,0,2^) 


10,34 


157 


zx^'+y'"' 


+ z-'x + za:'' + C P(17, 10, 4, 17) 
Diff=(0, 0,0,1) 


10 


158 


zx° + x''y' 


t + z-'x^ zx" + x^y C P(17, 5, 2, 13) 
P(5,2,13), Diff=(i, 0,0,1) 


14 


159 


zx'^ + x^y'^ 


f + z^a; + zx" + x'^y' c P(17, 10, 4, 13) 
Diff=(0, 0,0,1) 


13 


160 


zx" + x'^y' 


t + z''x + zx" + x-'y C P(17, 5, 2, 11) 
P(5,2,ll), Diff=(i,0,0,f) 


22 


161 


zx y + y 
n = 9;10;ll 


P + z-'x- + g(z, X, y) C P(7n, 4n +l,2n- 3, 14) 
Diff = 


5,7,14 


162 


zx y + x y 
n = 7;8 


+ z'^x + g{z, X, y) C P(7n - 3, 4n - 1, 2n - 3, 10) 
Diff = 


5,10 


163 


zx^y + z-'y" + ax''y'° 


+ z^x + g{z, X, y) C P(29, 17, 7, 6) 
Diff = 


6 


164 


zx^y' + y" 
n = 9;ll;13 


t + z-^x + g{z, X, y) C P(lln, 3n + 2, 2n - 6, 11) 
P(3n + 2, 2n - 6, 11), Diff=(i, 0, 0, 0) 


14,16,22 


165 


zxW+v'' 


t^ + z^x + ff(«,a;,2/) C P(55, 32, 14, 11) 
Diff = 


7 


166 


zxW + y'^ 


+ z-'x + zx^y + y" C P(33, 19, 9, 11) 
Diff=(0,0,0,i) 


11 


167 


ZX y + x y 
n = 7;9 


t + z-'x + g{z, X, y) C P(lln - 12, 3n - 2, 2n - 6, 7) 
P(3n-2,2n-6,7), Diff=(|, 0,0,0) 


10,14 


168 


zx'^y'' + x^y^ 


i'' + z-'x + zx*y + x^y^ C P(19, 11, 5, 7) 
Diff=(0,0,0,i) 


7 


169 


zx'^y'- + az'-y'' + hx'^y' 


t + z^x + g{z, X, y) C P(59, 17, 8, 5) 


10 
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P(17,8,5), Diff=(|, 0,0,0) 





(1) See example 3.22. 

(2) The singularity is + z^x + azx^{x + y'^y fi-i-j{x, y^) + bz'^y^ + cx^y{x + 
y^Y fb-k-iix-iy"^)- The exceptionality condition is & 7^ || {b = 0&(i < 1||A; < 
2)&(i<2||Z<4)). 

(3) The singularity is + z^x + azx'^y^{x + y)^ frj-i-j-ki^TV) + bx}y™(x + 
y)"/7_;_m-n(2^i y) + cz^t/''. The common exceptionality condition for these two 
cases is (c ^ 0) || (^(i = 0\\l = 0)k{k < 2\\n < 2)^ The first case is j < 1 and the 

coefficient a is absent (see the comments to the tables). The second case is m < 2 
and the coefficient b is absent. 



4. Singularity - + z^y + g{z, x, y) 



1 


x' + y^" 
n = 4;6;9, 10; 12,13 


t'' + zy + x + jy^" C P(n, 2n — 1, 2n, 1) 
P(n,2n - 1, 1), Diff=(0, |, f , 0) 


7,9,15, 
21 


2 


7 , n 

+y" 

n = 9; 11; 15; 17; 23; 27 


t + zy + x + y" C P(n, ri - 1, n, 1) 
P(n-l,n,l), Diff=(i,|,f,0) 


14,16,22 

28,36,42 


3 


ay^"z'f2-^{z,y'" ^) + x^ 
n = 2, 3, 4 


t'-^ + z'-^y + g(z, x^^'^ , y) C P(3n - 1, 2n - 1, 6n - 2, 1) 
P(3n- l,2n- 1,1), Diff=(0, 0, f , 0) 


7 


4 


ay"z'f2-i{z,y''-')+x' 
n = 5;7,9 


t + z^y + g{z, x^l\ y) C P(3n - 2, n - 1, 3n - 2, 1) 
P(n - 1, 3n - 2, 1), Diff=(i, 0, f , 0) 


8,14 


5 


x\fT^i{x,y^) 
i < 4 


t' +zy^g{x,y)(ZV(J, 13,2,1) 
Diff=(0,|,0,0) 


3 


6 


x'f7-i{x,y'') 
i < 5 


t + 0j/ + 3(x,y) CP(21,20,3, 1) 

P(20,3, 1), Diff=(i, 2,0,0) 


6 


7 


x' + xy"^ 
n = 7; 11; 13; 17, 19:23 


t + zy^x' ^xy^ P(7ri, 7n - 6, n, 6) 
P(7n-6,n,6), Diff=(i, |, 0, 0) 


10,16,22 
30,36 


8 


n = 2 i = 0;(4,5) j < 1 


^zy^ g{x, y) C P(7n, 14n - 3, 2n, 3) 
Diff=(0, 1,0,0) 


3,9 


9 


n = 5,7;ll 


t + zy + g{x, y) C P(7n, In - 3, n, 3) 
P(7n-3,n,3), Difr=(i, §, 0, 0) 


12,18 


10 


a;-+V3-^(^^^/") 

n = 3i<l;7j<2 


t + zy-\-g{x,y) C. P(7n, 7n - 2, n, 2) 

P(7n-2,n,2), Diff=(i, |, 0, 0) 


6,12 


11 


aV2^^V2~.(a;",t/") + 
x2'+V3-.(:E^y5) 


t + z-^y + g{z, x, y) C P(35, 11, 5, 2) 
P(ll,5,2), Diff=(i, 0,0,0) 


4 


12 


a;' + x^j/^" 
n = 3,6;8,9 


+ zy + g{x, y) C P(7n, 14n - 5, 2n, 5) 
Diff=(0, 1,0,0) 


9,15 


13 


a;' + x'y'^ 
n = 7; 9; 13; 19 


t + zy + g{x, y) C P(77'i, 77-1 — 5, n, 5) 
P(7n-5,n, 5), Diff=(i, 2, 0, 0) 


10,16,18 
30 


14 


n = 1 6 / 0; 2 


t'' + z-'y + g{z, X, y) C P(21n + 7, 14n + 3, 6n + 2, 5) 

Diff = 


4,5 


15 


azx y + x + ox y 
n = 4,6 


t + z'^'y + (7(2:, X, y) C P(21n - 7, 7n - 4, 3n - 1, 5) 
P(7n - 4, 3n - 1, 5), Diff=(|, 0, 0, 0) 


10 


16 


x' + x-'y" 
n = 5; 9, 11; 15 


t + zy + g{x,y)c P(7n, 7n - 4, n, 4) 
P(7n-4,n,4), Diff=(i,2,o,0) 


10,18,24 


17 


azx^y''"'^ +x' + 
+bx'-'y'-^"-'\n = 3,5 


t + z-'y + g{z, X, y) C P(21n - 14, 7n - 6, 3n - 2, 4) 
P(7n-6,3n-2,4), Diff=(i, 0, 0, 0) 


8 
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18 


x' + zy" 
n = 6; 8, 10; 14; 16, 18 


t + z'-'y + x + zy" C P(3n - 1, n - 1, 3n - 1, 2) 
P(n- l,3n- 1,2), Diff=(i,0, f ,0) 


8,14,22 
28 


19 


x' + zxy^"+' 
n = 2,3;4,5, 6 


+ z''y + g(z, x,y) C P(21n + 7, 14n + 1, 6n + 2, 11) 
Diff = 


5,11 


20 


x' + zxy'^ 
n = 6;8,10; 12,14 


i + a-^y + ^(a, a;, j/) C P(21n - 7, 7n - 6, 3n -1,11) 
P(7n-6,3n-l, 11), Diff=(i, 0, 0, 0) 


10,16,22 


21 


x' + zx^y" 
n = 4, 6; 8, 10 


t + z-^y + g{z, x, y) C P(21n - 7, 7n - 5, 3n - 1, 8) 
P(7n-5,3n- 1,8), Diff=(i, 0, 0, 0) 


10,16 


22 


x'^ + y- 
n = 9;ll;15 


+ «j/ + a;^ + y" C V(n, 2n - 2, n, 2) 
Diff=(0,|,|,0) 


13,16,24 


23 


zy^ibx'^ + cy-') + x^ + dx^y^ + 
ej/^Mcl + |d| + |e| / 


e + z'y + g{z,x"\y) cn^,3,^,l) 
Diff=(0,0,|,0) 


4 


24 


x''h-i(x\y') 
i < 2 


t" + «2/ + s(a;^/^ y) CP(6,11,3,1) 
Diff=(0,|,i,0) 


6 


25 


y^z'h-i{z,y^)+x^ 


e + 0^2/ + x^'^,y) C P(13, 8, 13, 2) 
Diff=(0,0,|,0) 


8 


26 


x" + ax^y' + by'* 


+ 0j/ + a;^ + oa;?;' + by'* C P(7, 13, 7, 1) 

Diff=(0,|,|,0) 


12 


27 


azx-'y" + x'* + bxy'"-' 
n = 3 6 7^ 0;4 


i-" + z-'y + g{z, x, y) C P(12n - 4, 8n - 5, 3n - 1, 7) 
Diff = 


4,7 


28 


x" + xy^ 
n = 9; 10; 12; 13 


f' ^zy + x" + xy"- C P(4n, 8n - 7, n, 7) 
Diff=(0,|,0,0) 


13,15,18 
21 


29 


+ x'y"" 
n = 7;n 


i^ + zy + x* + xy" C P(2n, 4n - 3, n, 3) 
Diff=(0,|,i,0) 


10,18 


30 


x'^^-'h-iix^y") 
n = 4i = 0;5i<l 


t'' +zy + g{x, y) C P(4ri, 8n - 3, n, 3) 
Diff=(0, 1,0,0) 


6,9 


31 


x" +x:'y" 
n = 6;8;9 


i-' + zy + g{x, y) C P(4n, 8n - 5, n, 5) 
Diff=(0, 1,0,0) 


9,12,15 


32 


bzx^y'' + a;** + cx'^y' 


+ z-'y + a;, y) C P(28, 17, 7, 5) 
Diff = 


5 


33 


x" + zy" 
n = 6;8;10 


t'' + z-'y + x^ + zy" C P(3n - 1, 2n - 2, 3n - 1, 4) 
Diff=(0, 0,1,0) 


10,13,16 


34 


x" + zxy'' 
n = 5;6, 7;8 


f + z'-'y + g{z, X, y) C P(12ri - 4, 8n - 7, 3n - 1, 13) 
Diff = 


7,10,13 


35 


x"" + ZS^J/" 

n = 4;6 


+ a^j/ + a;* + zxy" C P(6n - 2, 4n - 3, 3n - 1, 5) 
Diff=(0,0,i,0) 


7,10 


36 


az^x-" + bzy'x^'f2-i{x\y')+ 
cx'^+'yfs-jix^y') 
i < l||i < 1 


t + 2^2/ + 5(2,x,3/) CP(23,7,3,2) 
P(7,3,2), Diff =(i, 0,0,0) 


4 


37 


y*z^f2-.{z,y') + x' 


^^ + ^^^/ + ^;(2,x^/^^/) cP(5,3,io,i) 

P(5,3,l), Diff=(0,0,f,0) 


9 


38 


x^ + azx^y'^ + 6t/" 


t + z''y + g{z, x^'\y) C P(33, 10, 11, 3) 
P(10,ll,3), Diff=(i,0,|,0) 


18 


39 


x^ + xy^ 


t + zy + g{x, y) C P(81, 73, 9, 8) 
P(73,9,8),Diff=(i, 2,0,0) 


30 


40 


a 1 b b 1 I, iU 

X + ax y + bxy 


t + «y + ff(a;,j/) CP(45,41,5,4) 

P(41,5,4), Diff=(i, 2,0,0) 


24 


41 


X + X y 


t-^+«y + fir(a;,y) CP(36,65,8,7) 


12 
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Diff=(0, |,0,Q) 




42 


a;" + x^y"" 


f + 2y + 5(a;,y) CP(81,74,9,7) 
P(74,9,7), Diff=(i,|,0,0) 


42 


43 


bz'x^y'' -\- 


t + z''y + g{z, x,y) C P(63, 19, 7, 6) 
P(19, 7,6), Difr=(i, 0,0,0) 


12 


44 


x» + xV 


t^ + 0j/ + 3(a;,j/) CP(27,49,6,5) 
Diff=(0, |,0,0) 


15 


45 


x'' + zy" 


t + z-'y + x + zy" C P(23, 7, 23, 2) 
P(7,23,2), Difr=(i, 0,1,0) 


36 


46 


x^ + zxy" 


t + z'^y + g{z, X, y) C P(153, 46, 17, 15) 
P(46, 17, 15), Diff=(i, 0,0,0) 


10 


47 


ay*z'f2-i{^,y') + x''y' 


t^ + z'y + g{z,x"'',y)c ¥{5,3,8, 1) 
Diff=(0, 0,1,0) 


7 


48 


ay^z'f2-i{z,y'') + x''y^ 


t + z''y + g(z, x^l\ y) C P(13, 4, 11, 1) 

P(4,ll,l), Diff=(i,0,f,0) 


14 


49 


x'y'+y" 
n= 11; 15 


t + zy + xy' + y" C P(n, n - 1, n - 2, 1) 
P(n-l,n-2,l), Diff=(i,2,f,0) 


28,42 


50 


x'y'+y'- 
n = 6;7 


t''+zy + xy^ + y'" C P(n, 2n - 1, 2n - 2, 1) 
Diff=(0,2,f,0) 


15,21 


51 


x'y" + .Ty" 
n = 9; 13 


t + zy + x'y^^ xy" C P(7n - 2, 7n - 8, n - 2, 6) 
P(7n - 8, n - 2, 6), Diff=(i, |, 0, 0) 


22,36 


52 


x'y'' + ax'^y^ + hxy"' 


t" + 0j/ + s(a;,y) CP(17,31,4,3) 
Diff=(0, |,0,0) 


9 


53 


y'x'^^'h-.{x\y'') 
I < 2 


t + zy + g{x,y) C P(25, 23, 3, 2) 
P(23,3,2), Diff=(i,|,0,0) 


12 


54 


x'y'' + ax'^y' + 6a;j/^'^ 


t + zy + g{x, y) C P(41, 38, 5, 3) 
P(38,5,3), Diff=(i, 1,0,0) 


18 


55 


n = 4;5 


+ zy + g{x, y) C P(7n - 2, 14n - 9, 2n - 2, 5) 
Diff=(0, 2,0,0) 


9,15 


56 


azx'^y'^ + x'y'' + bx^y^ 


t + z^y + g{z,x,y)^n^9, 18,7,5) 
P(18,7,5), Diff=(i, 0,0,0) 


10 


57 


x'y^ +x^y'' 


t + zy + g{x, y) C P(73, 68, 9, 5) 
P(68,9,5), Diff=(i, 1,0,0) 


30 


58 


hzx"^ + czx''y^+ 
+dx'^y^ +ex^y'^,\b\ + |d| / 
H + |e|7^0 


t + «''2/ + Sf(2,a;,j/) CP(43,13,5,4) 
P(13,5,4), Diff=(i, 0,0,0) 


8 


59 


x'y^ +x-^y'' 


t + zy + g{x,y) C P(57,53,7,4) 
P(53, 7,4), Difr=(i,|,0,0) 


24 


60 


x'y^+zy"" 
n = 8; 10 


t + z-'y + xy^ + zy" C P(3n - 1, n - 1, 3n - 5, 2) 
P(n-l,3n-5,2), Diff=(i, 0, f , 0) 


22,28 


61 


I 'Z , n 

X y + zxy 
n = 6;8 


t + z-'y + g{z,x,y) C P(21n - 13, 7n - 8, 3n - 5, 11) 
P(7n - 8, 3n - 5, 11), Diff=(i, 0, 0, 0) 


16,22 


62 


x'y'' + zxy' 


e + z^y + g{z, X, y) C P(67, 41, 16, 11) 
Diff = 


11 


63 


x'y'' + zx'y" 


t + z-'y + g{z, X, y) C P(107, 33, 13, 8) 
P(33,13,8), Diff=(i, 0,0,0) 


16 


64 


zx'' + y^" 
n = 4; 7; 9, 10 


+ z-'y + ZX + j/^" C P(3n, 2n - 1, 4n + 1, 3) 
Diff=(0, 0,1,0) 


5,11,15 



68 
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zx'' + J/" 
n = 9; 11; 15; 21 


t + z^'y + zx + y'^ G P(3n, n - 1, 2n + 1, 3) 

P(n - 1, 2n + 1, 3), Diff=(i, 0, |, 0) 


12,15,20 

30 


66 


ay'^z^h-^{z,y'^-')+zx'^ 
+dx-'y'^"-\n = 2 a^0,3 


+ z-^y + g(z,x^''',y) C P(3n - 1, 2n - l,4n - 1, 1) 
Diff=(0, 0,1,0) 


5 


67 


ay^z'h-i{z,y^-')+zx'+ 
+cx^y"-'^,n = 5 a ^ 0; 7 


t + z'^y + g{z,x^'^,y) C P(3n - 2,n - l,2n - 1, 1) 
P(n-l,2n-l,l), Diff=(i,0,i,0) 


6,10 


68 


zx'^ + hzx'^y^+ 
+ex^y^ + cx-^y'' + dy^'^ 
|fe| + |c| + |d| /O 


e + z'y + g{z, X, y) C P(18, 11, 5, 3) 
Diff = 


3 


69 


zx'' + bzx^'y' + 
+ex^y^ + cx-^"' + dy^^ 
|6| + |c| + |d| /O 


t + z-'y + g(z,x, y) C P(51, 16, 7, 3) 
P(16,7,3) Diff=(i, 0,0,0) 


6 


70 


zx'' + a;2/^"+^ 
n = 3; 4, 5, 6; 7, 8 


+ z-'y + g{z, x, y) C P(15n + 8, lOn + 1, 4n + 3, 13) 
Diff = 


5,9,13 


71 


zx^ + a::y" 
n = 8; 10; 12; 14, 16; 18 


t + z^y + g{z,x, y) C P(15n + 1, 5n - 4, 2n + 1, 13) 
P(5n-4,2n + l,13), Diff=(i, 0, 0, 0) 


11,14,16 
22,26 


72 


zx" + x^y"" 
n = 3, 4, 5; 6, 7 


+ z^'y + g{z, x, y) C P(15n + 1, lOn - 3, 4n + 1, 11) 
Diff = 


7,11 


73 


zx" + cc^y" 
n = 7; 9; 11, 13; 15 


t + z-'y + g{z,x, y) C P(15n + 2, 5n - 3, 2n + 1, 11) 
P(5n - 3, 2n + 1, 11), Diff=(i, 0, 0, 0) 


12,14,18 
22 


74 


/) = 2; L ."•) 


+ z-'y + g(z. X. y) C P(15i; + 9. lOn + 3. 4n + 3. 9) 
Diff = 


8,9 


75 


za;^ + a;''?/" 
n = 6;8; 12 


t + z-^y + g{z, X, y) C P(15'n + 3, 5n - 2, 2n + 1, 9) 
P(5n-2,2n + l,9), Diff=(i, 0, 0, 0) 


8,14,18 


76 


zx" + X^J/^" 

n = 3,4 


+ z'^y + g{z, x, y) C P(15ri + 2, lOn - 1, 4n + 1, 7) 
Diff = 


7 


77 


zx" + X^J/" 
n = 5,7;9 


t + z-^y + g{z, X, y) C P(15n + 4, 5n - 1, 2n + 1, 7) 
P(5n - 1, 2n + 1, 7), Diff=(i, 0, 0, 0) 


10,14 


78 


zx" + J/" 
n = 9, 11 


i-' + z'-'y + zx-' + y" C P(3n, 2n - 2, 2n + 1, 6) 
Diff=(0, 0,1,0) 


9 


79 


+cx"y^ 


f + z^y + g{z,x'^'',y)cn5,S,7, 1) 
Diff=(0, 0,1,0) 


6 


80 


zx^ + 


e + z^y + g{z, x^'*',y) C P(18, 11, 25, 3) 
Diff=(0, 0,1,0) 


18 


81 


za;** + xj/" 
n = 8,9, 10; 11 


t + z-'y + g{z, X, y) C P(18n + 1, 6n - 5, 2n + 1, 16) 
P(6n - 5, 2n + 1, 16), Diff=(i, 0, 0, 0) 


14,32 


82 


n = 3;4 


t'^ + z^y + g{z, x^''\y) C P(9n + 5, 6n + 1, 4n + 3, 7) 
Diff=(0,0,i,0) 


5,14 


83 


zx'" + a;"'?/" 


+ z^y + g{z, X, y) C P(73, 44, 17, 14) 
Diff = 


7 


84 


za;'* + x^y" 
n = 6;8 


t + z''y + zx^ + xy" C P(6n + 1, 2n - 1, 2n + 1, 4) 
P(2n - 1, 2n + 1, 4), Diff=(i, 0, |, 0) 


10,24 


85 


ax" + x'^y" 


+ z-'y + g{z, X, y) C P(47, 28, 11, 10) 
Diff = 


5 


86 




+ z'-'y + zx^ + x'-y'' C P(28. 17, 13. 5) 
Ditf=((),0, i,()) 


10 


87 


ax*" + x''?/'' 


t + z-'y + g{z, X, y) C P(95, 29, 11, 8) 
P(29,ll,8), Diff=(i, 0,0,0) 


16 
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88 


z^a;^ + j/^" 
n = 4; 6; 7 


+ 0^2/ + ^I'^a; + j/^" C P(3n, 2n - 1, 2n + 2, 3) 
Diff=(0, 0,1,0) 


5,7,9 


89 


z'x-' + 
n = 9;ll;15 


t + z^y + 2^a; + C P(3n, n - 1, n + 2, 3) 
P(n- l,n + 2,3), Diff=(i, 0, |, 0) 


10,12,18 


90 


z^x^ + zy'^ibx^ + cy*) + dx'^y^ 
+exY + ly'°,\c\ + \e\ + \l\^0 


^^+z«^/ + 5(^,a;l/^J/) CP(5,3,4, 1) 
Diff=(0, 0,1,0) 


3 


91 


z'^x'-^ + zy'^ipx'-^ + cy^) + 
dx%^ + ex^y"" + ly^^ 


^ + z^^/ + 5(2,a;l/^y) CP(13,4,5,1) 
P(4,5,l),Diff=(i,0,|,0) 


6 


92 


z^x-" + xy" 
n = 7; 9; 11; 13 


t + z^j/ + z'^x^ + a;?/" C P(9n + 2, 3n - 2, n + 2, 8) 

P(3r7, - 2, n + 2, 8), Diff=(i, 0, 0, 0) 


8,10,14 
16 


93 


z^x-^ + azx^y" + + 
+cxy2", n = 4 |a| + |c|^0;6 


t + z^y + g(z,x, y) C P(9ri + 1, 3n - 1, n + 1, 4) 
P(3n - 1, n + 1, 4), Diff=(i, 0, 0, 0) 


6,8 


94 


z^x^ + a;^2/^" 
n = 3,4;5 


+ z-'y + g{z, x, y) C P(9n + 2, 6n - 1, 2n + 2, 7) 
Diff = 


5,7 


95 


z'x'-'+x^y" 
n = 7; 9; 11 


t + z^j/ + z^a;^ + x-'y" C P(9n + 4, 3n - 1, n + 2, 7) 
P(3n - 1, n + 2, 7), Diff=(i, 0, 0, 0) 


8,12,14 


96 


z-'x" + azy'^ + bx-'y"-' 
n = 6; 10 


t + z-'y + z'^x + zy'^ + xj/""' C P(3n - 1, n - 1, n + 1, 2) 

P(n- l,n+ 1,2), Diff=(i,0, |,0) 


8,12 


97 


z-'x-' + azxy'''+' + hx^y^" 
n = 2 a ^ 0;3 


i-' + z'-'y + g{z, x, y) C P(9n + 4, 6n + 1, 2n + 2, 5) 
Diff = 


3,5 


98 


z^x-" + azxy"+' + fea;*?/" 
n = 5;7 


t + z-'y + g{z,x,y) C P(9n + 8, 3n + l,n + 2, 5) 
P(3n + 1, n + 2, 5), Diff=(i, 0, 0, 0) 


8,10 



5. Singularity - + + g{z, x, y) 



1 


x'y^fe-i-j {x,y) 
i < 2&j < 2 


t^ + z + 3(2,x,jy) CP(3,6,1,1) 
P(3,l,l), Diff=(0, 1,0,0) 


5 


2 


x" + y' 


+Z + X'- +y<Z P(l,2, 1.2) 
P(l,l,2),Diff=(0,|,i,f) 


15 


3 


x" + xy" 


+ z + x** + xy C P(3, 6, 1, 5) 

P(3,l,5), Diff=(0,|,0,|) 


25 


4 


x" + zy" 


t^ + z^ + x^ + zy CP(5,2,5,8) 
Diff=(0, 0,2,1) 


6 


5 


X^ + ZXJ/* 


+ z'' + x" + zxy C P(15, 6, 5, 19) 
DifF=(0, 0,0,1) 


8 


6 


X + zx y 


+ z"" + x'' + zx^y C P(15, 6, 5, 14) 
Diff=(0,0,0,2) 


7 


7 


ax + bzx y + z y 


t'' + z" + ax'' + bzxy + z^^y^ C P(5, 2, 5, 3) 

Diff=(0,0,|,i) 


9 


8 


+ z''xy'^ 


+ z-'' + x" + z^xy C P(15, 6, 5, 13) 
Diff=(0,0,0, 1) 


13 


9 


az^xy^ + bzx-^y' + cx--'y+ 
dy\ \a\ + ld| / 


t + z" +3(z,x,y) CP(35,7,6,5) 
P(7,6,5), Diff=(i, 0,0,0) 


10 


10 


x^y + xy" 


t + z + x^y + xy" C P(29, 29, 5, 4) 
P(29,5,4), Diff=(i,i,0,0) 


30 


11 


x^'y + x^y^ 


t + z + x'-'y + x^y" C P(23, 23, 4, 3) 
P(23,4,3), Diff=(i,i,0,0) 


30 


12 


x^y + zy" 


f + z'' + xy + zy^ C P(25, 5, 21, 4) 


30 
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P(5,21,4), Diff=(i, 0,1,0) 




13 


x^y + azy" + hz-'y' 


f + + + + bz-'y^ C P(15, 3, 13, 2) 
P(3, 13,2), Diff=(i, 0,1,0) 


20 


14 


X°y + zxy"^ 


t + z'' + x''y + zxy" C P(95, 19, 16, 15) 
P(19, 16, 15), Diff=(i, 0,0,0) 


6 


15 


x^y + zx'^y^ 


t + z" + x''y + zx^y" C P(65, 13, 11, 10) 
P(13, 11,10), Diff=(i, 0,0,0) 


14 


16 


x'^y + z'y'' 


+ :^' + xy + z^y" C P(10, 4, 17, 3) 
Diff=(0,0,|,0) 


10 


17 


n = 7;9 


+ Z + x^y^ + t/" C P(n, 2n, n - 2, 2) 
P(n,n-2,2), Diff=(0, |, i, 0) 


15,20 


18 


X y +ax y +by 


+ Z + x'y^ + axy" + bj/'' C P(4, 8, 3, 1) 
P(4,3,l),Difr=(0,|,i,0) 


10 


19 


x^y^ + xj/" 
n = 6;7 


+z-\- x^y^ + xj/" C P(2n - 1, 4n - 2, n - 2, 3) 

P(2n- l,n-2,3), Diff=(0, |, 0, 0) 


10,15 


20 


x'^y' + zy" 
n = 5;7 


+z'' + x^y^ + zy" C P(5n, 2n, 5n - 8, 8) 
Diff=(0,0, i,0) 


11,16 


21 


x'^y' + zy'^ 


t' + z''+ x^y^ + zy" C P(15, 6, 11, 4) 
Diff=(0,0,i,0) 


8 


22 


x'^y^ + zxy" 
n = 4; 5 


+ + g{z, X, y) C P(10n - 5, 4n - 2, 5n - 8, 11) 
Diff = 


6,11 


23 


x'^y'^ + az'^y'^ + hzx^y^ 


e + z^^ g{z, x'l'\ y) C P(10, 4, 7, 3) 
Diff=(0,0, i,0) 


6 


24 


x-y^ + 


+ 2-' + + z^y C P(25, 10, 19, 6) 
Diff=(0,0, i,0) 


12 


25 


x^y^ + z-'xy-' 


t^ + «^+Sf(«,a;,2/) CP(25, 10,9,7) 
Diff = 


7 


26 


zx" + y' 


t + 2'' + + y C P(5, 1,4,5) 
P(l,4, 5), Diff=(i, 0,1,1) 


50 


27 


zx'' + z^y" 


^z" + ZX + z^y^ C P(5, 2, 8, 3) 
Diff=(0,0,t,i) 


15 


28 


ZX"^ + 2^XJ/^ 


t + z" + zx'' + z^xy C P(25, 5, 4, 11) 
P(5,4,ll), Diff=(i, 0,0,1) 


22 


29 


zx'^y + 2/' 


+ z'' + zx^y + 2/' C P(35, 14, 23, 10) 
Diff=(0,0, i,0) 


20 


30 


0a;*j/ + xy'^ 


t + z" + zx^y + xy" C P(115, 23, 19, 16) 
P(23,19, 16), Diff=(i, 0,0,0) 


32 


31 


4,24 


^z" -{- zxy + z^y" C P(10, 4, 13, 3) 
Diff=(0, 0,1,0) 


12 


32 


2:a;*2/ + z^xy^ 


t + z" + zx^y + z'^xy' C P(55, 11, 9, 8) 
P(ll,9,8), Diff=(i, 0,0,0) 


16 


33 




e + + zxy + C P(10. 4. 11. 5) 
Ditt: = ((),(), 


15 


34 




t + z'" + zxy'' + y-' C P(45, 9, 26, 5) 
P(9,26,5), Diff=(i,0, 2,0) 


30 


35 


zx'^y'' + aij/" 


^-z" + zx-'y + xy' C P(20, 8, 7, 11) 
Diff=(0,0,0, i) 


11 


36 


2:x'^y"^ + xy' 


t + z'' + zx-'y^ + xy' C P(95, 19, 18, 11) 


22 
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P(19,18, 11), Diff=(i, 0,0,0) 




37 




t + z'' + zx-'y^ + x^y" C P(55, 11, 10, 7) 
P(ll, 10, 7), Diff=(i, 0,0,0) 


14 


38 


zx'^y''' + z''y'^ 


t + + zxy^ + z'-'y' C P(25, 5, 14, 3) 
P(5, 14,3),Diff=(i,0,2,0) 


18 



6. Singularity - + z'^x + g{z, x, y) 



1 


y jo—i—j y-^t y ) 
i<i j <2 


+ zx + a(z X v) C Pf3 5 1 I') 
Diff=(0, 1,0,0) 


4 


2 


a" + v' 


t'' + zi- + + 't/ r P('3 5 1 61 
P(3,5,l), Diff=(0, |,0,f) 


8 


3 


x*' + x'^y" 


/-^ _L 2T + + T^?; r Pf3 5 1 4") 
Diff=(0, 1,0,1) 


8 


4 


a;« _|_ zv^ 
n = 5; 6 


_l_ ^^a- _L 1 ~„ pf 1 2 5 4 19~) 

Difr=(o,o,o,2^) 


5,19 


5 


nT-B -l_ hzT^ll''' + Z^ll'^ 


+ z*a; + aa;'' + feza;^w + r Pfl2 5 4 71 
Diff=(0,0,0, i) 


7 


6 


y ^ y 


+ 0^a; + x^y + y ' C P(35, 29, 12, 10) 
Diff=(0, 1,0,0) 


8 


7 


^ y -r y 


P + + x'-'v + i/** r Pf20 33 7 51 
Diff=(0,|,0,0) 


20 


8 


r ' II -\- I'^'ti'^ 
■'- y 1 y 


t'^ + z^.T + ,t'''(/ + .T" y"'' C P(23. 19. 8. 6) 
l)iH: = (0, -J. (),()) 


12 


9 


^ y -r ^y 

n — 5; 6 


I ^ 2*2; _|_ -c^'y + zy" C P(20ri + 1, 4n + 1, 4n — 3, 16) 
P(4n+l,4n-3, 16), Diff=(i, 0, 0, 0) 


6,14 


10 


X^y 4- z^y"^ 


+ 2*a; + x^y + z^y* C P(41, 17, 14, 12) 
Diff = 


6 


11 


x^y + z'^V'^ 
y ' ^ y 


I + 2*3; -1- x^y + z"'?/"' C P(63, 13, 11, 8) 
P(13, 11,8), Diff=(i, 0,0,0) 


16 


12 


x^y' + J/" 
n = 7; 9 


+ za: + x'^y'- + y" C P(2n, 3n + 2, n - 2, 4) 
Diff=(0, 1,0,0) 


12,16 


13 


a^V + y*^ 


i'' +ZX + xS/ + C P(8, 13, 3, 2) 
Diff=(0,|,0,0) 


8 


14 


x^y' + zy" 
n = 5,6;7 


+ z'^x + g{z, X, y) C P(8n + 1, 3n + 2, 4n - 6, 13) 
Diff = 


9,13 


15 


a;-*y^ + oax^y^ + z'-y'' 


e + z^x + g{z, X, y) C P(17, 7, 6, 5) 
Diff = 


5 


16 


xS' + z^y'' 


+ z^x + x'^y^ + zy" C P(21, 17, 8, 5) 
Diff=(0, i,0,0) 


10 


17 


x'^y' + z'y' 


+ z^x + g{z, X, y) C P(27, 11, 10, 7) 
Diff = 


7 


18 


zx"" + y' 


t + z''x + zx" + y C P(19, 4, 3, 19) 
P(4,3, 19), Diff=(i, 0,0,1) 


14 


19 


zx" + x'^y" 


t + z''x + zx"" + x^'y C P(19, 4, 3, 13) 
P(4,3,13), Diff=(i, 0,0,1) 


26 


20 


+ z^'y'^ 


+ z-^o; + za;'' + z^y^ C P(19, 8, 6, 11) 
Diff=(0,0,0,i) 


11 
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21 


3 1^ 

zx y + y 


t + z''x + zx'^y + 2/' C P(105, 22, 17, 15) 
P(22, 17,15), Diff=(i, 0,0,0) 


10 


22 


5 2 — ^ — 

ZX y + X y 


t + z''x + zx^y + x-'y'' C P(67, 14, 11, 9) 
P(14,ll,9), Diff=(i, 0,0,0) 


18 


23 


4 , '2 4, 

ZX y + z y 


+ z'^x + g{z, X, y) C P(31, 13, 10, 9) 
Diff = 


9 


24 


zx-'y' + jy" 
n = 7;9 


t + z'^x + zx-'y-' + y" C P(lln, 2n + 2, 3n - 8, 11) 
P(2n + 2, 3n - 8, 11), Diff=(i, 0, 0, 0) 


16,22 


25 




+ z'^x + zx-'y + ?/* C P(22, 9, 8, 11) 
Diff=(0,0,0,i) 


11 


26 


zx'^y'' + x-^j/" 


t + + zx-'y'' + x^y" C P(39, 8, 7, 5) 
P(8,7,5), Diff=(i, 0,0,0) 


10 


27 




f + ,:*.T + zx^'v^ + z'^y" C F(r)0. 12. 11. 7) 
P'(i2, ii,7), Diff=(i,0, ().()) 


14 



7. Singularity - + z^y + g{z, x, y) 



1 


a;® + azx^y'^ + bz'^y^+ 
+cy'', \h\ + \c\^Q 


^=^ + ^"^/ + 5(^,xl/^y)cP(7,3, 7,2) 
Diff=(0,0, 2,0) 


6 


2 


x" + ax'^y'^ + by" 


t' + zy + x^ + axy" + by" C P(4, 7, 4, 1) 
Diff=(0,|,2,0) 


12 


3 


x" + XJ/" 

n = 6;7 


i^ + zy + x" + xy" C P(3n, 6n - 5, n, 5) 
Diff=(0, 1,0,0) 


8,20 


4 


x" + azxy^ + hx^'y" 


t' + z'y + g{z,x,y)c¥{15, 13,5,4) 
Diff=(0,i,0,0) 


8 


5 


x" + zy" 
n = 5; 6 


+ z^y + x'-" + C P(4n - 1, 2n - 2, 4n - 1, 6) 
Diff=(0, 0,1,0) 


6,9 


6 


x** + zxy"- 
n = 4; 5 


+ 2*2/ + 3(2, X, 2/) C P(12n - 3, 6n - 5, 4n - 1, 14) 
DifF = 


5,14 


7 


x + ZX y 


+ z-'y + X, 2/) C P(33, 14, 11, 10) 
Diff = 


5 


8 


az'-^x'' + bz''xy' + czx-^y^+ 
dzy^ + ex^y + kx^y^ + lz*y 
can. & |e| + |c| 7^ 


t + «''2/ + ff(«,a;,2/) CP(23,5,4,3) 
P(5,4,3), Diff=(i,0,0,0) 


6 


9 


zx" + az^y'^ + by' 


f + z^y + ZX + az^y* + by' C P(7, 3, 11, 2) 
Diff=(0, 0,1,0) 


10 


10 


zx" + xy° 


t + z*y + zx" + xy" C P(121, 26, 19, 17) 
P(26,19, 17), Diff=(i, 0,0,0) 


24 


11 


zx" +x^y" 


t + 2*2/ + zx" + x^y" C P(51, 11, 8, 7) 
P(ll,8, 7), Diff=(i, 0,0,0) 


16 


12 


zx" + X'^J/* 


t + z*2/ + zx" + x-'y" C P(83, 18, 13, 11) 
P(18,13, 11), Diff=(i, 0,0,0) 


22 



8. Singularity - + z^x^ + g{z, x, y) 



1 


x'y^fe-i-Ax/y) 
i < 1 i < 3 


+zx' +g{z,x,y) cFiSAAA) 
Diff=(0, 2,0,0) 


3 


2 


x" + y' 


t-'+zx^ + x'' + yC P(3, 4, 1, 6) 


7 
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P(3,4,l), Difr=(0,i,0,2) 




3 


ax" + hx-'y" + 


+ zx^ + ax" + bx-'y + y^ C P(3, 4, 1, 3) 
Diff=(0,§,0,|) 


9 


4 


z^y'^ + hzx-^y'^ + cx*^ + dxy'^ 
|6| + |c|^0 


f + z^x^ +g{z,x,y^^''') C P(9,4,3,5) 
Diff=(0,0,0,i) 


5 


5 


+ a;j/' 


+ zx^ + x'' + xyC P(3, 4, 1, 5) 

Diff= (0,1,0,1) 


15 


6 


+ zy" 


+ z-'x^ + x" + zyc P(9, 4, 3, 14) 
Diff=(0, 0,0,1) 


5 


7 


+ 


+ z'^x'' + x" + zy^ C P(9, 4, 3, 7) 
Diff=(0,0,0,2) 


7 


8 


a;" + zxy"^ 
n = 4;5 


+ z-'x^ + x" + zxy C P(9, 4, 3, 11) 
Diff=(0,0,0,2^) 


4,11 


9 


a;^2/ + J/" 
n = 7;9 


t + zx^ + x^y + J/" C P(5n, 3n + 2, n - 1, 5) 
P(3n + 2,n-l,5), Diff=(l, 2, o, 0) 


15,30 


10 


x^y + y" 


+ zx^ + x^i/ + J/* C P(20, 26, 7, 5) 
Diff=(0,|,0,0) 


13 


11 


x'^y + xy" 


t + zx'' + x^y + xy" C P(29, 19, 5, 4) 
P(19,5,4), Diff=(i, 2,0,0) 


6 


12 


az'^y'^ + bx''y + cx'^y"^ + dxj/' 
|6| + |c| ^■o,|a| + |d|^0 


t + zx^ + g(z, x, y) C P(17, 11, 3, 2) 
P(ll,3,2),Diff=(i, 2,0,0) 


12 


13 


a;"j/ + 

n = 5;7 


t + z^'x^ + x°y + zy" C P(15n + 2, 3n + 2, 3n - 2, 12) 

P(3n + 2,3n-2, 12), Diff=(i, 0, 0, 0) 


11,24 


14 


x^'y + zxy* 


t + z-'x^ + x"y + zxy" C P(59, 13, 10, 9) 
P(13, 10,9), Diff=(i, 0,0,0) 


4 


15 


x'^y + zxj/'' 


+ z-'x^ + x^y + zxy" C P(37, 16, 13, 9) 
Diff = 


9 


16 


s^y + z^y" 


+ z-'x'' + aj^y + z^y'" C P(32, 14, 11, 9) 
Diff = 


7 


17 


x^y + z^y" 


t + z-'x'' + x"y + z-'y" C P(79, 17, 14, 9) 
P(17, 14,9), Diff=(i, 0,0,0) 


18 


18 


az'^y + bz^y^ + czx^y'^ + 
+xS'^ + dy"^ 


t'^ + z-^x^ + g{z, x^''\y) C P(7, 3, 5, 2) 
Diff=(0,0, i,0) 


4 


19 


az-^y-^ +x'^y^ + bx^y^ + 
+cy\ \a\ + |c| 7^ 


e + zx + g{z"\ y) C P(4, 5, 3, 1) 
Diff=(0,2,i,0) 


6 


20 


xS' + y' 


e + ZX + x^y^ + y** C P(9, 11, 7, 2) 
Diff=(0,2,i,0) 


12 


21 


x*y'' + xy" 

n = 6;7 


+ zx'' + g{z, x, y) C P(2n - 1, 2n + 2, n - 2, 3) 
Diff =(0,2,0,0) 


6,9 


22 


x'^y' + zy- 
n = 5;7 


+ z-'x + x'-'y^ + zy" C P(3n + 1, n + 2, in- 4, 5) 
Diff=(0,0, i,0) 


7,10 


23 


az^'xy^ + bzy" + a;*j/^ 


+ z-'x^ + g{z, X, y) C P(19, 8, 7, 5) 
Diff = 


5 


24 


a;*?/"^ + zxy" 
n = 4;5 


+ z^a;^ + 5(0, X, y) C P(6n - 1, 2n + 2, 3n - 4, 7) 
Diff = 


4,7 


25 


a;V + ^V 


e + z^x + x-'y'' + z^y" C P(17, 7, 13, 4) 
Diff=(0,0, i,0) 


8 


26 


x'y' + y^ 


t + zx^ + x-'y' + y" C P(3n, n + 6, n - 3, 3) 


10,18 
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n = 7; 11 


P(n + 6,n-3,3), Diff=(i, |, 0, 0) 




27 


n = 4; 5 


+ aa;^ + x-'y' + y^" C P(3n, 2n -i- 6, 2n - 3, 3) 
Diff=(0,|,0,0) 


7,9 


28 


az^y" + x'-^y" + hxy'^ 


t + zx^ + g{z,x,y) C P(21, 11, 5, 2) 
P(ll,5,2),Diff=(i, 2,0,0) 


12 


29 


x^y"^ + zj/" 

n = 5;7 


t + z'-^x'-' + x^y^ + zy"^ C P(9n + 6, n + 6, 3n - 6, 8) 

P(n + 6,3n-6,8), Diff=(i, 0, 0, 0) 


8,10 


30 


az^y + bz'^xy'^ + czy'^ + i-^y"* 


t + z-'x^ + g{z, X, y) C P(39, 7, 9, 4) 
P(7,9,4), Difr=(i, 0,0,0) 


8 


31 


x^j/-' + zy" 


t + ^''x^ + x^'y + 22/'' C P(29, 5, 7, 8) 
P(5,7,8), Diff=(i,0,0,2) 


16 


32 


az*y + bzxy* + x'y'' 


t + «''a;^ + 3(2, X, y) C P(33, 7, 6, 5) 
P(7,6,5),Diff=(i,0,0,0) 


4 


33 


az'^y'^ + bzxy" + x^y"^ 


e + z^x^ + g{z, x, y) C P(21, 8, 9, 5) 
Diff = 


5 


34 


az'^y^ + bzxy^ + x'^y^ 


t + z^x^ + g{z, X, y^/'^) C P(17, 3, 4, 5) 
P(3,4,5), Diff=(i, 0,0,2) 


10 


35 


z^y'^ + x-'y' 


e + z-'x^ + g{z, X, y) C P(24, 10, 9, 7) 
Diff = 


5 


36 


x'y' + z'y" 
n = 5;7 


t + z^a;^ + 5(2, x, y) C P(9n + 12, n + 6, 3n - 3, 7) 
P(n + 6,3n-3,7), Diff=(i, 0, 0, 0) 


8,14 


37 


x^'y' + z'y" 


+ ;?^a;^ + x^y + z^y-" C P(ll, 4, 5, 7) 
Diff=(0,0,0,2) 


7 


38 


x'y^ h-i-j{x,y) 
t < 1 j < 4 


t + zx-" + g{z, X, y) C P(7, 5, 1, 1) 
Diff=(i, 2,0,0) 


6 


39 


x' + y" 


e + zx^ + x' +y' C P(7, 10, 2, 7) 
Difr=(0, 2,0,1) 


12 


40 


x' + xy' 


t + zx^ + x' +xy C P(7,5, 1,6) 
P(5,l,6),Diff=(i,2,o,f) 


36 


41 


az'^xy'-' + bzy^ + 


t + z^x^ + g{z, X, y^''^) C P(21, 5, 3, 8) 
P(5,3,8), Diff=(i,0,0,2) 


16 


42 


X ' + zxy'' 


t + z-^x'' +x' + zxy C P(21, 5, 3, 13) 
P(5,3, 13), Diff=(i, 0,0,1) 


26 


43 


x' +z'y'' 


e + z'^x^ + x' + z^y-" C P(21, 10, 6, 11) 
DifF=(0, 0, 0, i) 


11 


44 


x^y + y" 


e + ZX + x-'y + y" C P(12, 17, 7, 3) 
Diff=(0,2,i,0) 


18 


45 


x^y + xy' 


t + zx^+ x^y + xy' C P(41, 29, 6, 5) 
P(29,6,5),Diff=(i,2,o,0) 


30 


46 


az^xy^ + bzy'' + x'^y 


t + z-'x^ + g{z, x, y) C P(55, 13, 8, 7) 
P(13,8,7), Diff=(i, 0,0,0) 


14 


47 


a;''j/ + zxy^ 


t + z-'x-' + x^y + zxy'' C P(89, 21, 13, 11) 
P(21,13,ll), DifF=(i, 0,0,0) 


22 


48 


x^y + z'y" 


+ z^'x + x-'y + z^y" C P(19, 9, 11, 5) 
Diff=(0,0, i,0) 


10 


49 


x^y' + 


+ zx-' + x^y + C P(10, 14, 3, 5) 
Difr=(0,2,0,i) 


15 


50 


x'^y'' + xj/' 


t + zx''+ x^'y'' +xy' C P(33, 23, 5, 4) 


24 
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P(23,5,4), Diff=(i, 2,0,0) 




51 


x^'y^ + az^xy^ + hzy'^ 


t + z-'x^ + g{z,x,y) C P(47, 11, 7, 6) 
P(ll,7,6), Diff=(i, 0,0,0) 


12 


52 


x^y^ + zxy^ 


t + z-'x^ + x^y^ + zxy" C P(73, 17, 11, 9) 
P(17,ll,9), Diff=(i, 0,0,0) 


18 


53 


x^y^ + z^y" 


+ z'^x^ + x'^y + z-'y' C P(17, 8, 5, 9) 
Diff=(0,0,0, i) 


9 


54 


Af' + y' 


e + ZX + x-^y-' + y** C P(8, 11, 5, 2) 
Diff=(0,|,i,0) 


12 


55 


x'^y' + xy' 


t + zx^ + xy +xy' C P(25, 17, 4, 3) 
P(17,4,3), Diff=(i, 2,0,0) 


18 


56 


^ — ^ ^ z — ^ — 

az xy' + bzx"' + czy + da; y 

|6| + |d|^0,H + |c|^0 


t + z^x'^ + g{z, X, y^'-*) C P(13, 3, 2, 5) 
P(3,2,5), Difr=(i,0,0,2) 


10 


57 


x'^y'^ + ^xj/'' 


t + z^'x^ + g{z, X, y) C P(57, 13, 9, 7) 
P(13,9, 7), Diff=(i, 0,0,0) 


14 


58 


a;V + ^V 


+ z-'x^ + x^y" + z^y" C P(15, 7, 9, 4) 
Diff=(0,0,i,0) 


8 


59 


ccV + J/' 


t + zx^ + x-'y" + C P(27, 17, 5, 3) 
P(17,5,3), Diff=(i, 2,0,0) 


18 


60 


x^y" + ^2/' 


t + z-'x^ + x-'y" + zy' C P(71, 15, 13, 8) 
P(15, 13,8), Diff=(i, 0,0,0) 


16 


61 


az'^y + hzxy^ + x^j/'' 


t + z^x^ + g(z, X, y) C P(41, 9, 7, 5) 

P(9,7,5), Diff=(i, 0,0,0) 


10 


62 




t + z-'x^ + x-'y" + z-'y' C P(61, 13, 11, 7) 
P(13, 11,7), Diff=(i, 0,0,0) 


14 


63 


^;a;'' + y' 


t + z-'x-' + zx'' + yc P(13, 3, 2, 13) 
P(3,2, 13), Diff=(i, 0,0,1) 


14 


64 


zx" + J/** 


t'' + z'^'x^ + zx" + y^ C P(13, 6, 4, 13) 
Difr=(0, 0,0,1) 


13 


65 


as" + xy° 


+ z-'x^ + zx" + xy^ C P(13, 6, 4, 11) 
Diff=(0,0,0, 2) 


6 


66 


Z3? + i-y ' 


t + z^x^ + zx" +xyC P(13, 3, 2, 11) 
P(3,2,ll), Diff=(i, 0,0,1) 


22 


67 


z^y'' + a«a;^ + hx^y"^ 


+ z^x-' + g{z, X, y'''^) C P(13, 6, 4, 7) 
DifF=(0,0,0,i) 


7 


68 


4 , 7 

2;a; J/ + J/ 


f + z^'x'' + g{z, X, y) C P(35, 16, 11, 10) 
Diff = 


5 


69 


4 , 8 

^;a; J/ + J/ 


+ z-'x + zx'-'y + C P(20, 9, 13, 5) 
Diff=(0,0,i,0) 


10 


70 


2x*y + xy^ 
n = 6; 7 


t + z-'x^ + zx^y + xy" C P(10n - 3, 2n + 1, 2n - 3, 8) 
P(2n + 1, 2n - 3, 8), Diff=(i, 0, 0, 0) 


6,16 


71 


2^2/'' + zx'^y + ax^y^ 


e + z-'x + g{z, x^''\y) C P(ll, 5, 7, 3) 
DifF=(0,0,i,0) 


6 


72 


az'^xy'^ + bzx*y + C2:j/*' + cLx'^y"^ 
\h\ + |d| 7^ 0&|a| + |c| 7^ 


t + z-'x^ + g{z, X, y) C P(31, 7, 5, 4) 
P(7,5,4),Diff=(i,0,0,0) 


8 


73 


;?a;^j/" + j/" 
n = 7;9 


t + z'^x'' + zx'-'y'' +y" C P(7n, n + 4, 2n - 6, 7) 

P(n + 4,2n-6,7), Diff=(i, 0, 0, 0) 


10,14 


74 


zx-'y' + y" 


+ z-'x^ + zx-'y + C P(14, 6, 5, 7) 


7 



76 







Diff=(0,0,0,i) 




75 


az'-'y" + zx^y^ + bxy' 


t + z-'x^ + g{z, X, y) C P(43, 9, 8, 5) 
P(9,8,5), Diff=(i, 0,0,0) 


10 



9. Singularity - + z^y^ + g{z, x, y) 



1 


x' + 1/" 
n = 9; 13 


t + + a; + 3/" C P(n, n - 2, n, 1) 
P(n-2,n,l),Diff=(i,|,|,0) 


28,42 


2 


x'+y'' 


+ 2jy^ + a; + C P(5, 8, 10, 1) 
P(5,8,l),Diff=(0,|,f,0) 


15 


3 


x'' + av^z^ f2-dz,y^) 
i < 1 


t + z^y^ + gf^, x^/'^, v) C Pfll. 3, 11, 1) 
P(3,ll,l), Diff=(i,0,f,0) 


14 


4 


x'+y''' 


t'' + zy + x + y" C P(3, 5, 6, 1) 
P(3,5,l), Diff=(0,i,|,i) 


21 


5 


x' + xy" 
n = 7;11 


t + zj/^ + x' + xy" C P(7n, 7n - 12, n, 6) 
P(7n- 12,n,6), Difr=(i, |, 0, 0) 


22,36 


6 


X^'+^fo ^(X^,V'^) 

i < 1 


^2 I ^„ _l_ qC^:, w^''^) c P(7, 11, 2, 3) 

Difr=(o,i,o,i) 


9 


7 


i < 2 


f + + n(x v) C Pf21 17 3 21 

P(17,3,2), Diff=(i, 2,0,0) 


12 


8 


i < 1 


t + zv'' + aix v) C Pr35 29 5 3) 
P(29,5,3), Diff=(i, 2,0,0) 


18 


9 


x' + x^y^ 


-)_ -)_ a;' -I- x''y'' C P(21, 32, 6, 5) 
Difr=(0,2,0,0) 


9 


10 


azx'^y'' + x' + bx'^y' 


t + ^•^y^ + a(z X v) C P('49 13 7 5) 
P(13,7,5), Diff=(i, 0,0,0) 


10 


11 




+ Z1I -i- r' A- r'^ti'^ r P^M 23 4 5^) 
Diff=(0. 2.0. i) 


12 


12 


x' + x'y" 


f + + x-' + x^y" C P(63, 53, 9, 5) 
P(53, 9, 5), Diff=(i, 2, 0, 0) 


30 


13 


hzx^y"" + x' + cx'^y^ 


t + z-'y' + g{z,x,y) cn35,9,5,4) 
P(9,5,4), Diff=(i, 0,0,0) 


8 


14 


x' + x'^y' 


t + zy^ + x' +x-'y' C P(49, 41, 7, 4) 
P(41,7,4), Diff=(i, 2,0,0) 


24 


15 


x' + ZJ/" 

n = 7: 9 


t + z-'y^ + x + zy'' C P(3n - 2, n - 2, 3n - 2, 2) 
P(n - 2, 3n - 2, 2), Diff=(i, 0, f , 0) 


22,28 


16 


X + zxy 
n = 5;7 


t + z-'y^ + x' + zxy" C P(21n - 14, 7n - 12, 3n - 2, 11) 
P(7n - 12, 3n - 2, 11), Diff=(i, 0, 0, 0) 


16,22 


17 




+ z-'y + x' + zxy' C P(28. 15. 8. 11) 
l)itt = ((), (),(), 


11 


18 


+ zx'^y^ 


t + z-'y-'+x' +zx'^y" C P(91, 25, 13, 8) 
P(25, 13,8), Diff=(i, 0,0,0) 


16 


19 


zx"" + J/" 
n = 7; 13 


t + z^y" + zx + y" C P(3n, n - 2, 2n + 2, 3) 
P(n-2,2n + 2,3), Diff=(i, 0, |, 0) 


15,30 


20 


zx^ + C2a;^y*+ 

+ea;**y + dx^y^ + /y'' 

M + Ml + 1^1 ^0 


t + z'-'-y' +g{z,x,y) cr(27, 7,4,3) 
P(7,4,3), DifF=(i,0,0,0) 


6 
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21 




+ a^j/^ + «x + y^" C P(15, 8, 22, 3) 
Diff=(0,0,|,0) 


11 


22 


+ax-'y-\i < 2 ||a 7^ 


t + a^y^ + 5(2, xl/^ C P(ll, 3, 8, 1) 
P(3,8,l), Diff=(i,0,i,0) 


10 


23 


zx'' + y^'-' 


+ z-'y^ + zx + y'' C P(9, 5, 13, 3) 
DifF=(0,0,|,i) 


15 


24 


zx" + xy"-^"^'' 
n= 1;2 


+ z^y + g{z, x, y^^'^) C P(15n + 8, lOn + 1, 4n + 3, 13) 
Diff=(0,0,0, i) 


9,13 


25 


zx" + XJ/" 
n = 7;9;ll 


t + z-'y^ + zx" + xy" C P(15n + 2, 5n - 8, 2n + 2, 13) 

P(5n-8,2n + 2, 13), Diff=(i, 0, 0, 0) 


16,22,26 


26 


zx'" + XJ/** 


P + z-'y^ + g{z, X, y) C P(61, 32, 18, 13) 
Diff = 


9 


27 


za;'' + x^y"^ 
n = 5;7;9 


t + z-'y' + zx" + x^j/" C P(15n + 4, 5n - 6, 2n + 2, 11) 
P(5n-6,2n + 2,ll), DifF=(i, 0, 0, 0) 


12,18,22 


28 


2:0;'' + x'^j/" 


+ 0^2/^ + g{z, X, y) C P(47, 24, 14, 11) 
Diff = 


7 


29 


zx'' + x'^j/* 


+ z-'y + zx" + x^j/" C P(31, 17, 9, 11) 
Diff=(0,0,0, i) 


11 


30 


ax'' + x-^j/" 


+ z'^j/^ + (z, X, 2/) C P(33, 16, 10, 9) 
Diff = 


5 


31 


zx'' + x^'j/" 


+ z-'y + zx" + x'^j/-' C P(24, 13, 7, 9) 
Diff=(0,0,0,i) 


9 


32 


aix'' + x^j/' 


t + z-^y^ + zx" + x'^y ' C P(lll, 31, 16, 9) 
P(31,16,9), Diff=(i, 0,0,0) 


18 


33 


^x'' + x^'j/" 
n = 3; 5 


t + z'-y'- + zx" + x'':!/" C P(15n + 8, Sti - 2, 2n + 2, 7) 
P(5n - 2, 2n + 2, 7), Diff=(i, 0, 0, 0) 


10,14 


34 


^x'' + X^J/" 


i"- + z'^y + «x'' + x^y^ C P(17, 9, 5, 7) 
Diff=(0,0,0,i) 


7 



10. Singularity - + z^xy + g{z^ x, y) 



1 


n = 3;6;8,9 


+ zxy + p(x, y) C P(5n, 8n - 5, 2n, 5) 
Diff=(0, 1,0,0) 


7,9,15 


2 


n = 7;9; 13; 19 


t + zxy + x'' + 2/" C P(57i, 4n - 5, n, 5) 
P(4n- 5,n,5), Diff=(i, |,0,0) 


10,14,22 
30 


3 


a«x^2/^"+' + x" + &y''"+^ 
n = 1 6^0;2 


+ z^'xy + 5(0, X, y) C P(15n + 5, 8n + 1, 6n + 2, 5) 
Diff = 


4,5 


4 


a;^(a^ + 2/')V5-i-,(x,j/^) 
i < 2&j < 4 


t^ + 2X2/ + 5(x,j/) CP(5, 7,2,1) 
Diff=(0, 1,0,0) 


3 


5 


azxV" + 
n = 2;3 


t + z-^xy + g{z, X, y) C P(36n - 5, 8n - 3, 6n - 1, 5) 
P(8n-3,6n- 1,5), Diff=(i, 0, 0, 0) 


10 


6 


x75-i(x,?/^) 
i < 3 


t + zxy + g{x,y) C P(15, 11, 3, 1) 
P(ll,3, 1), Diff=(i, 2,0,0) 


6 


7 


x" + x'y'" 
n = 4, 5 


i-" + zxy + g(x, y) C P(5n, 8n - 3, 2n, 3) 
Diff=(0, 1,0,0) 


9 


8 


x" + x^y" 

n = 5,7;11 


< + zxy + g{x, y) C P(5n, 4n — 3, n, 3) 
P(4n-3,n, 3), Diff=(i, |, 0, 0) 


10,18 


9 


x" + zy^"^' 
n = 2; 3; 4, 5, 6 


+ z^'xy + g(2, X, t/) C P(15n + 5, 8n - 1, 6n + 2, 11) 
Diff = 


3,5,11 
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10 


x" + zy"" 
n = 6;8, 10; 12,14 


t + 0^a;j/ + g{z, x, y) C P(15n - 5, 4n - 5, 3n - 1, 11) 
P(4n-5,3n-l,ll), Difr=(i, 0, 0, 0) 


8,14,22 


11 


a;" + z^y^" 
n = 2;3,4 


i'' + z-^xy + g{z, x, y) C P(15n - 5, 8n - 5, 6n - 2, 7) 
Diff = 


6,7 


12 


x" + z'y"^ 
n = 5;7,9 


t + z^'xy + g{z, X, y) C P(15n - 10, 4n - 5, 3n - 2, 7) 
P(4n - 5, 3n - 2, 7), Diff=(i, 0, 0, 0) 


6,14 


13 


x'y' {x + yyf6-,-j-i{x,y) 
i < l&j < l&Z < 3 


+ zxy + g{x,y) (zn^AAA) 
Diff=(0, 1,0,0) 


3 


14 


x^ + y" 

n = 7; 11 


t*" + + g{x, y) C P(3n, 5n — 6, n, 6) 
Diff=(0, 1,0,0) 


10,18 


15 


n = 4 i = 0; 5 


+ zxj/ + 5r(a;, y) C P(3n, 5n - 3, n, 3) 
Diff=(0, §,0,0) 


6,9 


16 


x'^fs-i{x',y') 
i < 1 


t"+2;a:y + 3(a;,3/) CP(9, 13,3,2) 
Diff =(0, 1,0,0) 


6 


17 


az^y" + 62;a;^i/^ + x''+ 
+cxV,|a| + |c| 7^0 


+ z^ay + g{z, X; y) C P(15, 7, 5, 4) 
Diff = 


4 


18 


a;" + x^y' 


e + zxy + g{x, y) C P(21, 31, 7, 4) 
Diff=(0, 1,0,0) 


12 


19 


x" + ^2/" 
n = 5;6;7;8 


+ z'^xy + g{z, X, y) C P(9n - 3, 5n - 6, 3n - 1, 13) 
Diff = 


7,8,10 
13 


20 




+ z'-'xy + g{z. X. y) C P(33. 16, 11. 7) 
Diff = 


7 


21 


a;" + 


+ z'^xy + g{z, x, y) C P(39, 19, 13, 8) 
Diff = 


8 


22 


i-'y^ (a; + 2y)77-i-3-i(a;,y) 
i < 2&j < 2&Z < 4 


t + zxy + g{x,y) C P(7, 5, 1, 1) 
P(5,l,l),Diff=(i,|,0,0) 


6 


23 


a' + 


+ zxj/ + x' + ?/* C P(28, 41, 8, 7) 
Diff=(0, |,0,0) 


12 


24 


x' + y" 


t + zxy + x' +y'' C P(63, 47, 9, 7) 
P(47,9,7), Diff=(i, 2,0,0) 


42 


25 


x' + x-'y" 


i'' + zxy + x' + x'^y" C P(21, 31, 6, 5) 
Diff=(0, 1,0,0) 


15 


26 


x' + zy" 


t + z-'xy + x' + zy*' C P(119, 29, 17, 15) 
P(29,17, 15), Diff=(i, 0,0,0) 


10 


27 


x' + zx^y"^ 


t + z^xy + x' + zx'-'y" C P(77, 19, 11, 9) 
P(19, 11,9), Diff=(i, 0,0,0) 


18 


28 


x' + z^y^ 


+ z-'xy + x' + z^y^ C P(35, 17, 10, 9) 
Diff = 


9 


29 


x'y" + 2/^" 
n = 4; 5 


+ zxy + x^'y'' + y-"" C P(5n, 8n - 3, 2n - 2, 5) 
Diff =(0, 1,0,0) 


9,15 


30 


a«x''y* + x'^y'' + by^ 


t + z-'xy + g{z, X, y) C P(45, 11, 7, 5) 
P(ll,7,5),Diff=(i,0,0,0) 


10 


31 


xV + y'' 


t + zxy + x^y^ + y'' C P(55, 41, 9, 5) 

Diff=(i, 1,0,0) 


30 


32 


x^y^ + x-'y'" 


+ zxy + x^y^ + x^y" C P(13, 19, 4, 3) 
Diff=(0, 1,0,0) 


9 


33 


x^'y' + x^y' 


t + zxy + x^y^ + x^y' C P(31, 23, 5, 3) 
P(23,5,3), Diff=(i, 2,0,0) 


18 
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34 


x'y' + zy" 
n = 6;8 


t + z'^'xy + g{z, X, y) C P(15n - 3, 4n - 3, 3n -5,11) 
P(4n-3,3n-5,ll), Diff=(i, 0, 0, 0) 


16,22 


35 


x'^y^ + zy' 


+ z-'xy + x^'y'' + zy ' C P(51, 25, 16, 11) 
Diff = 


11 


36 


x^2/^ + z'y'' 


+ z-'xy + x^y" + 2^2/* C P(27, 13, 8, 7) 
Diff = 


7 


37 


x^y^ + z'y" 


t + + x^y" + z^y^ C P(69, 17, 11, 7) 
P(17, 11,7), Diff=(i, 0,0,0) 


14 


38 


zx" + jy" 
n = 7;8;9 


e + z'^'xy + zx" + y" C P(7n, 4n - 5, 2n + 1, 14) 
Diff = 


5,7,14 


39 


zx" + x'^y" 
n = 5; 6 


+ z-'xy + zx" + x'-'y" C P(7n + 1, 4n - 3, 2n + 1, 10) 
Diff = 


5,6 


40 


z^y* + zt" + 6,T*:y-' 


t'^ + z'xy + q(7- T v) C P(23. 11. 7. 6) 
Diff = 


6 



11. Singularity - 
+ f{z, x) + g{z, X, y) =t^ + z'x^ f^^i^j{z, x) + g{z, x, y), (i < j) 



1 


n = 3 j = l;4 j<2 


f^+/(z,a;) + y" C P(5, 2, 2, 5) 
Diff=(0,0,0, ^) 


3,5 


2 


(j<2)&(n = 7;9) 


t + /(z,a;)+2/CP(5,l,l,5) 
P(l,l,5), Diff=(i,0,0,^) 


8,10 


3 


zi/",n = 5&j = 1; 
n=7&i<2&j<3 


t + f{z,x) + zy C P(5, 1,1,4) 
P(l,l,4),Diff=(i,0,0,2^) 


6,8 


4 

(1) 


j/V3(^,a;)+V 


t + f{z, x) + g{z, X, y'''') C P(5, 1,1,2) 
P(l,l,2), Diff=(i,0,0,|) 


6 


5 


4 III 2 4 
J<1 III (i<l&J<2) 


e + fiz, x) + g{z, X, y'l'') C P(5, 2, 2, 3) 
Diff=(0,0,0,i) 


3 


6 


zxy^ z^jy"' 
J<2 III (i<l&j<2) 


t + /(z,x) + 5(z,a;,yi/5) CP(5,1,1,3) 
P(l,l,3),Diff=(i,0,0,|) 


6 



(1) The singularity is + z^x^ f^-i-j (z, .r) + ay^z'^x'' fs-k-i (z, x) + bzy^. Assume 
that /5 G All after each quasihomogcncous coordinate change. The canonical 
singularity of this kind is exceptional, except the cases: {i = 3&A: = 1); (i = 2&fc > 
1); (i = 3&/ = 1). 



12. Singularity - + g{z, x, y), where (75 € A^i 



1 


z'' + zx^j/ + y^" 
n = 3;6;8,9 


+ z" + za;y + y^" C P(5n, 2n, 8n - 5, 5) 
Diff=(0,0, 2,0) 


7,9,15 


2 


z-'' + z.x-';y + )/" 
/( = 7: 9: 19 


f + z" + zxy + C P(5'n, n. An - 5, 5) 
in - 5,5), Ditt = (^.0. 2,0) 


10.14,22 
30 


3 


Z-' + zx'^'y + az^xy^"+-^ + 
n = l & 7^0;2 


+ g{z, X, y) C P(15n + 5, 6n + 2, 8n + 1, 5) 
Diff = 


4,5 


4 


z^ + zx^y + y*z'^f3-i{z,y^) + 
ax^y^,i < 2||a / 


e + g{z,x^/'',y)(lV{^,2, 7, 1) 
Diff=(0,0, 1,0) 


3 


5 


z'' + zx-^'y + az^xy^+^ + 


t + g{z,x,y)c P(15n + 10, in + 2, 4n + 1, 5) 
P(3n + 2,4n + l,5), Diff=(i, 0, 0, 0) 


10 


6 


z5 + zx32/ + 63/6^V3-i(«,2/=') + 


^ + 5(z,a;l/^2/) CP(15,3,11,1) 


6 
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P(3, 11, l),Difr=(i, 0,1,0) 




7 


+ zx-^y + a;y'"'+^ 
n = 2; 3; 4, 5,6 


+ g{z, X, y) C P(15n + 5, 6n + 2, 8n - 1, 11) 
Diff = 


3,5,11 


8 


2:'' + zx'^y + xy" 
n = 6; 8, 10; 12, 14 


t + g{z, X, y) C P(15n - 5, 3n - 1, An - 5, 11) 
P(3n-l,4n-5,ll), Diff=(i, 0, 0, 0) 


8,14,22 


9 


z'= + zx'^y + x^y'^"^ 
n = 2;3,4 


+ g{z, X, y) C P(15n - 5, 6n - 2, 8n - 5, 7) 
Diff = 


6,7 


10 


z'" + zx'^y + x^y" 
n = 5;7,9 


t + g(z, X, iy) C P(15n - 10, 3n - 2, 4n - 5, 7) 
P(3n-2,4n-5,7), Diff=(i, 0, 0, 0) 


6,14 


11 


+ zx'^y + 
n = 4, 5 


+ z" + zxj/ + z^2/^" C P(5n, 2n, 8n - 3, 3) 
Diff=(0,0, 2,0) 


9 


12 


z" + zx'^y + z'^j/" 
n = 5, 7; 11 


i + z" + zxj/ + z^y" C P(5n, n, 4n - 3, 3) 
P(n,4n-3,3), Diff=(i, 0, §, 0) 


10,18 


13 


z" + a;*?/ + t/^" 

n = 3,4;6;7 


+ z + xy + y'"' <Z P(n, 2n, 2n - 1, 1) 
P(n,2n-l,l), Diff=(0,|,f,0) 


5,12,20 


14 


z-"' + x'^y + aa;^2/"'+^+ 
62y2n+i^ n = 3,5 


e + ff(z'/^ a;, y) C P(2n + 1, 4n + 2, n, 2) 
P(2n + 1, n, 2), DifF=(0, |, 0, 0) 


5 


15 


z^ + xS + ay^x'h-i{x,y^-^) 
n = 3 i < 2;4 


t + 5(z^''^ X, y) C P(4n - 3, 4n - 3, n - 1, 1) 
P(4n-3,n- 1,1), Diff=(i, |, 0, 0) 


6,10 


16 


+ a''?/ + ay'^z'' fz-i{z, y'^) 


^^ + 5(z,a;l/^^/) CP(5,2,9,1) 
Diff=(0, 0,1,0) 


4 


17 


z" + x^y + xy" 
n = 5;6,8;ll 


t + z + x"?/ + xj/" C P(4n - 1, 4n - 1, n - 1, 3) 

P(4n - 1, n - 1, 3), Diff=(i, |, 0, 0) 


6,10,30 


18 


z'' + x'^y + az'^xy'' + hz^y' 
czx'^y* + da;J/^ |&| + |c| + |d| 7^ 


t + <7(z,x,y) CP(35,7,8,3) 
P(7,8,3), Diff=(i, 0,0,0) 


6 


19 


z'' + x'^y + zj/" 
n = 5; 7, 9; 11 


i-' + z'' + x^y + zy" C P(5n, 2n, 5n - 4, 8) 
Diff=(0,0, i,0) 


3,12,16 


20 


z"' + a:'*j/ + az^2/"+ 
bzy^",n = 3 6^ 0;5 


+ g{z, x^'^,y) C P(5n, 2n, 5n - 2, 4) 
Diff=(0,0,i,0) 


4,8 


21 


z" + a;*j/ + za;?/" 

n = 4, 5; 6, 7; 8 


t + g{z, X, J/) C P(20n - 5, 4n - 1, 5n - 4, 11) 

P(4n - 1, 5n - 4, 11), Diff=(i, 0, 0, 0) 


6,18,22 


22 


z'' + x*y + az'^y^ + 
bzx'^y'^ 


i-' + g{z,x,y) C P(25, 10, 11, 6) 
Diff = 


3 


23 


z" + x^y + z'y'" 
n = 2;3 


+z'' + xy + z^'y'-'^ C P(5n, 2n, lOn - 3, 3) 
Diff=(0,0,f,0) 


10,12 


24 


z'' + x'^y + z^xj/" 
n = 3,4;5 


t + sr(z, X, I/) C P(20n - 5, 4n - 1, 5n - 3, 7) 
P(4n- l,5n-3,7), Diff=(i, 0, 0, 0) 


10,14 


25 


z'^x + za^j/ + J/''" 
n = 3, 4; 5; 6, 7 


+ 5(z, X, y) C P(lln, 4n + 1, 6n - 4, 11) 
Diff = 


5,7,11 


26 


z^x + zx-^y + y" 
n = 7; 9; 11; 13; 15 


t + 3(z,x, y) C P(lln, 2n + 1, 3n - 4, 11) 
P(2n + 1, 3n - 4, 11), Diff=(i. 0, 0, 0) 


10,12,16 
18,22 


27 


z*x + zx''y + az''y^"~'^ + 
bx^y^",n = 2 abT^0;3 


+ ^(z, X, t/) C P(lln - 4, 4n - 1, 6n - 4, 5) 
Diff = 


4,5 


28 


z*x + zx-'y + az-'y"~'- + 
bx^y"',n = 5 6# 0;7 


t + 5(z, X, y) C P(lln - 8, 2n - 1, 3n - 4, 5) 
P(2n- l,3n-4, 5), Diff=(i, 0, 0, 0) 


6,10 


29 


z*x + zx-'y + z-'y^'^ 

n = 3,4 


i"- + 3(z, X, J/) C P(lln + 1, 4n + 1, 6n - 2, 7) 

Diff = 


7 


30 


z*a; + zx'^y + z^j/" 


t + s(z, X, J/) C P(lln + 2, 2n + 1, 3n - 2, 7) 


8,10,14 
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n = 5; 7; 9 


P(2n + 1, 3n - 2, 7), Diff=(|, 0, 0, 0) 




31 


z*a; + x^y + 
n = 6,8; 10; 12 


t^ + zx + x^y + y" C P(2n, 3n + 1, n - 1, 4) 
Diff=(0, 1,0,0) 


5,12,16 


32 


z'^x + x'^y + ax^y"'^'^ + 
by^"-+\ n = 3 & 7^0;5 


+ g{z^''^, X, y) C P(2n + 1, 3n + 2, n, 2) 
Difr=(0, 1,0,0) 


4,8 


33 


z'^x + x'^y + by^x''f3-^{x, y^) 
+az%^, i < 2||a 7^ 


^^ + ^;(zl/^x,^/) cP(9,7,4, 2) 

Diff=(0, i,0,0) 


4 


34 


z'^x + x*y + zy'^ 
n = 5; 6, 7, 8; 9; 10 


t + 5(2, X, y) C P(16n + 1, 3n + 1, An - 3, 13) 
P(3n + l,4n-3, 13), Diflf=(i, 0, 0, 0) 


6,10,22 
26 


35 


z''x + x''y + az^y"'-' + 
bzx^y'\n = 3 a 7^ 0;4 


t + g{z, X, y) C P(16n - 7, 3n - 1, 4n - 3, 5) 
P(3n - 1, 4n - 3, 5), Diff=(i, 0, 0, 0) 


6,10 


36 


z^x + x'^y + z^y" 
n = 4,6 


t'' + g{z, X, y) C P(8n + 1, 3n + 1, 4n - 2, 10) 
Diff = 


5 


37 


z^x + x^y + z^y"" 

n = 4; 5 


t + g{z, X, y) C P(16n + 3, 3n + 1, 4n - 1, 7) 

P(3n + 1, An - 1, 7), Diff=(i, 0, 0, 0) 


10,14 


38 


zSj + z',^ + y'' 


i-' + z^y + ZX + y'" C P(10, 9, 11, 2) 
Diff=(0,i,2,0) 


12 


39 


z*y + z^x^ + az'^y'^+ 
bx'^y^ + cy"^, \ah\ + |c| 7^ 


^^+ff(2,a;l/^^/) CP(7,3,8,2) 
Diff=(0,0, 2,0) 


3 


40 


z'^y + z'^x'-'^ + az'^xy^ + bx'^y'^ + 
cx^y^ + dy^, \ab\ + |c| + |d| / 


^^+^;(^l/^a;,^/) CP(8,7,3,2) 
Diff=(0, i,0,0) 


4 


41 


+azx^y'^ + bx'^y^ 
\a\ + \b\ + |c| 7^ O&i < 1 


^ + <7(^,a;^''^y) CP(9,2,5,1) 
P(2,5, l),Diff=(l, 0,2,0) 


6 


42 


+ a^'o;^ + xy" 

n = 5;7 


f + g{z, X, y) C P(6n + 1, 3n - 2, 2n + 2, 10) 
Diff = 


3,5 


43 


z'^y + z^x'-^ + azx^y" + 
bxy'^" , n = 3; 4 


t + g{z, X, y) C P(12n + 1, 3n - 1, 2n + 1, 5) 
P(3n - 1, 2n + 1, 5), Diff=(i, 0, 0, 0) 


8,10 


44 


z'^y + z^x'^ + x^t/" 
n = 4;6 


+ g{z^''\ X, y) C P(3n + 1, 3n - 1, n + 1, 4) 
Difr=(0,i,0,0) 


6,8 


45 


z*y + 2^a;^ + zj/" 


t + + z^'x + zy" C P(31, 7, 17, 3) 
P(7,17,3), Diff=(i, 0,2,0) 


18 


46 


z^j/ + z^a;^ + ZKj/" 

n = 5; 6 


t + g(2, X, y) C P(12n - 1, 3n - 2, 2n + 1, 7) 

P(3n - 2, 2n + 1, 7), Diff=(i, 0, 0, 0) 


12,14 


47 


z^y + zx" + 
n = 6,8; 12; 16 


t"- + 2*y + zx + y" C P(2n, n - 1, 3n + 1, 4) 
Diff=(0,0,|,0) 


5,12,16 


48 


z^y + zx'' + az'y^+'+ 


+ g{z, x^^^, y) C P(2n + 1, n, 3n + 2, 2) 
Diff=(0, 0,1,0) 


4,8 


49 


z'^y + zx* + by^z'f2-i{z, y^) 
+ax%^, i < 2 


^"+ff(^,a:^/^^/) CP(9,4,7,2) 
Diff=(0,0, i,0) 


4 


50 


z*y + zx* + xy^ 

n = 5; 6, 7, 8; 9; 10 


t + g{z, X, y) C P(16n + 1, 4n - 3, 3n + 1, 13) 

P(4n-3,3n + l,13), Diff=(i, 0, 0, 0) 


6,10,22 
26 


51 


z'^y + zx'' + x'y" 
n = 4,6 


t"- + g{z, X, y) C P(8n + 1, 4n - 2, 3n + 1, 10) 
Diff = 


5 


52 


2*2/ + zx'' + x'y'''+' 
n = 2;3 


t + g{z, X, y) C P(16n + 9, 4ra + 1, 3n + 2, 5) 
P(4n + 1, 3n + 2, 5), Diff=(i, 0, 0, 0) 


6,10 


53 


z^y + zx'^ + x'-'y" 
n = 4;5 


t + g{z,x, y) C P(16n + 3, 4n - 1, 3n + 1, 7) 
P(4n - 1, 3n + 1, 7), Diff=(i, 0, 0, 0) 


10,14 
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54 


z'^x-' + zx'^y + y-"^ 
n = 4; 5 


+ g{z, X, y) C P(7n, 2n + 2, 4n - 3, 7) 
Diff = 


5,7 


55 


z^x^ + zx'^y + 
n = 7;9;ll 


t + 5r(z, X, y) C P(7n, n + 2, 2n - 3, 7) 
P(n + 2, 2n - 3, 7), Diff=(i, 0, 0, 0) 


8,10,14 


56 


2;^a;^ + zx-^y + a2;^j/''"+ 
6a;7/2"+\n = 2 a6 ^ 0; 3 


+ g{z, X, y) C P(7n + 2, 2n + 2, 4n - 1, 5) 

Difr = 


3,5 


57 


z-^x'^ + 2:a;^j/ + az^?y""H 
bxy",n = 6 a / 0;8 


t + 5r(z, X, y) C P(7n - 3, n + 1, 2n - 3, 5) 
P(n + 1, 2n - 3, 5), Diff=(i, 0, 0, 0) 


6,10 


58 


z^a;^ + 2;.T:'':y + az'^y^ + fe2^a;y^+ 
czy'* + |c| + |d| / & 
\ad\ + |6| + |c| / 


i^+5(z,x,y) CP(11,4,5,3) 
Diff = 


3 


59 


z^a;^ + zx^^y + az^i/'^ + bz^xy'^+ 
czy^ + dx^j/^^ |ad| + |6| + |c| 7^ 


t + <7(2,x,y) CP(29,5,7, 3) 
P(5,7,3),Diff=(i,0,0,0) 


6 


60 


z'^x-'' + x'^y'- + j/^" 


e + zx-" + x^'y-' + y'" C P(15, 14, 8, 3) 
Diff=(0, |,0,0) 


7 


61 


z'^x^ + x:'y' + 
n = 7; 9; 13 


t + zx^ + x-'y^ + y" C P(3n, n + 4, n - 2, 3) 
P(n + 4, ri-2,3), Diff=(i, |, 0, 0) 


9,12,18 


62 


z'^x^ + x''y^ + az'^y + bz'^y*^ + 
cz''xy'' + dx^y"' + exy* + ly^^ 
|ad| + |6| + |c| + |ei + |Z|7^0 


^ + 5(^^/^x,y) CP(11,5,3,1) 
P(5,3,l), Diff=(i, 2,0,0) 


6 


63 


z-'x-' + x^2/^ + 2/"'' 


t^ + zx^ + x^y + y" CP(9,8,5,3) 
Diff=(0,|,0,i) 


9 


64 


z^x^ + x^y^ + a2;^y""^+ 
hxy",n = 5 a / 0;9 


t + g{z^/^,x, y) C P(3n - 2, n + 2, n - 2, 2) 
P(n + 2,n-2,2), Diff=(i, |, 0, 0) 


6,12 


65 
(1) 


z^x^ + x"*?/^ + a2:''i/^ + bz^xy+ 
cz^y^ + dz^xy* + ezx^y^+ 
Izy^ + nxy'' 


t + g{z,x,y) C P(19,3, 5, 2) 
P(3,5,2), Diff=(i, 0,0,0) 


4 


66 


z^x^ + x^y^ + zj/" 
n = 5; 7; 9; 11 


t + g{z,x,y) C P(9n + 4, n + 4, 3n - 4, 8) 
P(n + 4, 3n - 4, 8), Diff=(i, 0, 0, 0) 


7,10,14 
16 


67 


z^x'' + x^y'' + az''xy"+ 

bzy^",n = 3; 5 


t + g{z, X, y) C P(9n + 2, n + 2, 3n - 2, 4) 

P(n + 2, 3n - 2, 4), Diff=(i, 0, 0, 0) 


6,8 


68 


z^x^ + x^y^ + az^y'' + bzxy'^ 
afe / 


+ g{z,x, y) C P(17, 6,8, 5) 
Diff = 


3 


69 


z^x^ + x-'y' + az''y"-''+ 
bzxy", n = 5; 7 


t + g{z, X, y) C P(9n - 2, n + 2, 3n - 4, 5) 
P(n + 2, 3n - 4, 5), Diff=(i, 0, 0, 0) 


8,10 


70 


z^x^ + x^y^ + az^y^+ 
bzxy^ 


t^+s(«,x,yi/^) CP(13,4, 7,5) 
Diff=(0,0,0,i) 


5 


71 


z'x'+x'y' + z^y^" 
n = 1;2 


P + g{z, X, y^''^) C P(9n + 2, 2n + 2, 6n - 1, 7) 

Diff=(0,0,0, i) 


6,7 


72 


z^x"" +x^y^ + z^y" 
n = 5;7;9 


f + 5(z, X, y) C P(9n + 8, n + 4, 3n - 2, 7) 
P(n + 4, 3n - 2, 7), Diff=(i, 0, 0, 0) 


8,12,14 


73 


z-'x^ + x-'y' + z^y" 


t"+ff(z,x,t/) CP(31,10, 16, 7) 
Diff = 


5 



(1) The exceptionality condition is |c| + \d\ + |/| + |n| + |e(|a| + |6|)| ^ 0. 



13. Singularity - + g{t, z, x, y) 



1 


z^'x'' + x'y^ f5-i-j{x,y) 
2i+j <3 


t + zx^+ x'v'h-i-j (x, y) C P(5, 3, 1, 1) 
P(3,l,l), Diff=(|,i,0,0) 


6 


2 


'A '2 , b 1 4 

z X + X + zy 


t + z^x^ + x" + zy C P(10, 3, 2, 7) 


21 



83 







P(3,2,7), Diff=(f,0,0,|) 




3 


z'^x'' + x'^y + zj/* 


t + z^x + x^y + zy" C P(17, 5, 7, 3) 
P(5,7,3), Diff=(|,0,i,0) 


18 


4 


z-'x-' + x-^y-" + zy"" 


t + z^x^ + a;^y + zy"- C P(14, 4, 3, 5) 
P(4,3,5),Difr=(|,0,0,i) 


15 


5 


z^xy + x'-y^ fs-i-jix,y) 
hj < 1 


t + zx'+ x'y'fs-i-j {x, y) C P(5, 3, 1, 1) 
P(3,l,l), Diff=(|,i,0,0) 


6 


6 


z^'xy + x" + aty"^ + by" 


+ zxy + aty" + by" C P(10, 19, 6, 5) 
Diff=(0, i,0,0) 


10 


7 


z''xy + a;^ + 2/' 


t + zxy + x"" + y' C P(35, 23, 7, 5) 
P(23,7,5), Diff=(2, 1,0,0) 


30 


8 


z''xy + a;'' + x'^y* 


t + zxy + x" + x^y" C P(20, 13, 4, 3) 
P(13,4,3),Diff=(2,i,0,0) 


18 


9 


z''xy -\- x^ -\- zy* 


* + CP(35,11,7,6) 

P(ll,7,6), Diff=(|, 0,0,0) 


9 


10 


z'^xy + x'' ~\- txy'^ 


+ zxy + x" + txy^ C P(15, 29, 9, 7) 
Diff=(0, i,0,0) 


14 


11 


z'^x^f4-i-j{z,x)+y'' 
i=j = l 


t + z'x'fA-^-J{z,x) + yC P(4,l,l,4) 
P(4,l,l), Diff=(|, 0,0,1) 


6 


12 


z'x^ f4-i-j {z,x) + xy'^ 
« < 2 & j < 1 


t + z'x' fi-,-j{z, x) + xy C P(4, 1, 1, 3) 
P(l,l,3),Difr=(|,0,0,|) 


9 


13 


z^x^ fi-i-j{z,x)-\-ty'^ 
i,j < 1 


t=*+3(2,x,j/i/^) CP(4,3,3,8) 
Diff=(0,0,0, 2) 


4 


14 


z^'x^ fA-i-j{z,x) +txy^ 
« < 2 & j < 1 


+ g{z,x,y^''^) C P(4,3,3,5) 
Diff=(0,0,0, i) 


5 


15 


z" + zx^y + 2/" 
n = 5; 7; 11 


t + 2* + 2a;j/ + y" C P(4n, n, 3n - 4, 4) 
P(n,3n-4,4), Diff=(|, 0, |, 0) 


9,15,24 


16 


z* + zx'^y + aij/* + btz^y+ 
cz^y' + dy"", \a\ + \d\ ^ 


^^ + ^;(^,xl/^^/) CP(4,3,7,2) 
Diff=(0,0,i,0) 


4 


17 


+ zx'^y + ay'^z' f2-i{z, y'^) 


^ + 5(2,x^/^y) CP(8,2,5, 1) 
P(2,5,l), Diff=(|,0,i,0) 


6 


18 


z* + zxh/ + aty® + hy^ 


^^+ff(2,a:^/^^/) CP(12,9,23,4) 
Diff=(0,0,i,0) 


8 


19 


z^ + «a;^2/ + az^y^ + fey^" 


^ + 5(^,a;^■'^^/) C P(20, 5, 13, 2) 
P(5, 13,2), Diff=(2,0, ^,0) 


12 


20 


+ zx'^y + xy" 
n = 4;6, 7 


t + g(z, X, y) C P(8r) - 4, 2n - 1, 3n - 4, 5) 
P(2n - 1, 3n - 4, 5), Diff=(2, 0, 0, 0) 


6,15 


21 


+ 2x^2/ + atej/"* + bxy'' 


t^ + <7(2,x,2/) CP(12,9,11,5) 
Diff = 


5 


22 


zJ + zx'y + ur 
II = '■'>; ■">: 7 


+ g(z. x^''\ y) C P(47), 3n, 9fi - 8, 8) 
Ditt = ((),(), i,0) 


7,10.16 


23 


z" + zx^y + txy"^ 
n = 2;3 


+ 5(2, a;, 2/) C P(8n - 4, 6ra - 3, 9n - 8, 7) 
Diff = 


5,7 


24 


+ zx''y + tzy'^ 


+ 2'' + 2x1/ + t2y* C P(16, 12, 31, 5) 
Diff=(0,0,i,0) 


10 


25 


z* + x^y + atxy'^ + by'' 


f +z + x-'y + atxy" + by"" C P(5, 15, 4, 3) 
P(5,4,3), Diff=(0, 1,0,0) 


4 


26 


z"* + a:^?/ + atz^y + hty^+ 


^^+ff(2^/^a;^/^2/) CP(2,3,5,1) 


6 
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cz^y' +dy",\b\ + \c\ + \d\^0 


Diff=(0,i,|,0) 




27 




t + g{z^^*,x,y) ciP(7, 7,2,1) 
P(7,2,l), Diff=(|, 1,0,0) 


12 


28 


z* + x'^y + xy* 


t + z + x-^y + xy" C P(ll, 11, 3, 2) 
P(ll,3,2),Diff=(2,|,0,0) 


12 


29 


+ x^'y + zy" 

n = 4; 5 


+ X, y) C P(4n, 3n, 4n - 3, 9) 
Diff = 


6,9 


30 


3 1 1 

z + X''" y + zxy^ 


t + z* + x''y + zxy-"' C P(32, 8, 9, 5) 
P(8,9,5), Diff=(|, 0,0,0) 


12 


31 


z" + x-'y + it/" 
n = 3; 5 


+ 2 + a:y + iy" C P(n, 3n, 3n - 2, 2) 
P(n,3n-2,2), Diff=(0, |, |, 0) 


4,24 


32 


z" + a;^j/ + tzy"- 


+ + a;y + tzy^ C P(12, 9, 31, 5) 
Diff=(0,0, 2,0) 


15 


33 


z" + ta;^ + y" 


t^+a + te + y ciP(l,3,2,3) 

P(l,2,3), Diff=(0,|,2,l) 


36 


34 


+ ta:^ + tzy-^ 


+ z''+tx + tzy C P(4, 3, 8, 5) 
Diff=(0,0,2,i) 


15 


35 


z" + ta;^2/ + y" 


f + z^+ tx^y + y C P(10, 15, 7, 6) 
DifF=(0,i,0,0) 


12 


36 


+ ta;^?/ + xy"^ 


+ Z + tx^y + xy^ C P(7, 21, 5, 4) 
P(7,5,4),Difr=(0,|,0,0) 


16 


37 


+ tx^j/ + zy'^ 


+ a* + ta;y + zy* C P(16, 12, 23, 9) 
Diff=(0,0, i,0) 


18 


38 


+ te^y + tzy'^ 


+ z* + txy + tzy-' C P(8, 6, 11, 5) 
Diff=(0,0,i,0) 


10 


39 


z-'x + «a;^j/ + y^ 
n = 5; 7; 8 


t + g{z, X, y) C P(5n, n + 1, 2n - 3, 5) 
P(n + 1, 2n - 3, 5), Diff=(2, 0, 0, 0) 


9,12,15 


40 


z^a; + zx^'y + aiy* + 


t-'+5(z,a:,y) CP(10, 7,9,5) 
Diff = 


5 


41 


z'^'x + aa;^j/ + oa^j/'' + hxy^ 


t + <7(«,x,y) CP(22,5,7,3) 
P(5,7,3), Diff=(2, 0,0,0) 


9 


42 


z'^x + zx^y + tzy^ 


t^+5(2,a;,y) CP(16,11,15,7) 
Diff = 


7 


43 


z^x + a;^j/ + atxy^ + y^ 


^^ + 5(^^/^a;,y) CP(5,11,4,3) 
Diff=(0,2,0,0) 


6 


44 


z^x + x^y + aty'^ + by** 


+ g{z^''-\x, y) C P(6, 13, 5, 3) 
Diff=(0,2,0,0) 


9 


45 


«^a; + x'^y + ay" 

n = 4; 5 


t + g{z, X, y) C P(9n + 1, 2n + 1, 3n - 2, 7) 

P(2n + 1, 3n - 2, 7), Diff=(2, 0, 0, 0) 


16,21 


46 


z^a; + a-'^y + z'-'y'' 


t + g{z,x,y) C P(29, 7,8,5) 
P(7,8,5), Diff=(2, 0,0,0) 


12 


47 


z-^x + ta;'' + y^ 


+ «a; + fa;'' + y C P(3, 7, 2, 9) 
P(3,7,2),Diff=(0,2,0,4) 


15 


48 


2;^a; + te^ + tzy'^ 


f + z'-'x + tx* + tzy C P(9, 7, 6, 11) 
Diff=(0,0,0,i) 


11 


49 


z'-x + te^y + y" 


i"" + ZX + tx^y + y" C P(10, 23, 7, 6) 
Diff=(0, 2,0,0) 


9 


50 


z'^y + az^x^ + btx^y+ 


^^+fl(^,a;^/^y) CP(5,4, 7,3) 


6 
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ctzy^ + dy', \ah\ / 0&: 


Diff=(0,0,i,0) 




51 


2^ J/ + z''x^ + xy'^ 


t + z-'y + z^x^ + xy'' C P(26, 7, 6, 5) 
P(7,6,5), Diff=(|, 0,0,0) 


9 


52 


z'^y + z?x^ + nzi/" + Irx^y'- 


t + z/'v + z-x + a,ri/* + hx't/' C P(ll 3 2) 
P(3,.j,2), Dilf=(f.O, i,0) 


12 


53 


z^y + z^x'' + txy^ 


CP(14,11,10,9) 
Diff = 


5 


54 


z^y + te^ + xy" 


+ + te'' + xy^ C P(12, 29, 8, 7) 
Diff=(0, 1,0,0) 


12 


55 


tz^ + z'-'x'-' + xy'^ 


+ tz-' + z'^x'^ +xyC P(6, 4, 5, 13) 
Diff=(0, 0,0,1) 


13 


56 


afz'' + z^x^ + fx-y^ + 
l>Z!j\ \a\ -T \b\ ^ 


+ CP(6.4. 5, 7) 
Ditt = ((), (),(), i) 


7 


57 


tz-' + zx-'y + y^"+' 
n = 2;3 


+ g{z, x, y) C P(6n + 3, 4r + 2, 7n - 1, 9) 
Diff = 


5,9 


58 


tz' + zx y + aty + 
bz'^y^ + cy'',\a\ + \c\^0 


^^+ff(^,xl/^y) CP(6,4,11,3) 
Diff=(0,0, i,0) 


6 


59 


tz-" + zx^y + y" 


t' + te-" + zxy + y'' C P(24, 16, 47, 9) 
Diff=(0,0, i,0) 


18 


60 


tz + ZX y + xy 


+ .g(z, X. y) C P(21. 14, 10. 11) 
Diff = 


7 


61 


tz-' + zx^y + z''y* 


t^ + tz^ + zxy + z^y'^ C P(12, 8, 23, 5) 
Diff=(0,0, i,0) 


10 


61 


z^x^ + tx^y + zy'^ 


+ z'^x + txy + zy'^ C P(9, 7, 13, 5) 
Diff=(0,0, i,0) 


10 


62 


tz^x + x^y^ + y'' 


t^ + tzx + x'-y^ + J/" C P(10, 11, 9, 6) 
Diff=(0,i,0,0) 


11 


63 


X + a; 2/ + zj/ 


+ tz^x + x^y + zy'' C P(9, 5, 8, 11) 
Diff=(0,0,0,i) 


10 


64 


tz''x + X^J/^ + Z^J/^ 


t-^ + tzx + x'-y^ + zy^ C P(8, 9, 7, 5) 
Diff=(0,i,0,0) 


9 


65 


z^x + x* + y" 
n = 7; 11; 13; 17; 19,23 


t + zx + x^' + y CP(4,3, 1,4) 
P(4,3,l), Diff=(|,i,0,^) 


7,12,15 
18,24 


66 


z^'x + x* + ty''{cx^ +dy'''') + 
ax'^y^" + by"", n = l&|fe[ + |d| / 0; 3 


+ <?(^'/^ X, yi''") C P(4, 9, 3, 2) 
Diff=(0,i,0,^) 


3,4 


67 


z'x + xHx + y'Y!^-,{x. + az//''" 
(i = i<t(a ()||(/ = Ofcy < 3)). 2 


C + (7(z..T. 1/^/" ) C P(8,3, 2, 1) 
P(:!,2, i), Ditf=(|,(),l), ^) 


3 


68 


z'-x + + ai2/"" + fej/-'" 
n = 3;5,7 


i'' + 2X + X* + aty^ + by C P(4, 9, 3, 4) 
Diff=(0,i,0,^) 


7,8 


69 


z^x + + ax^y" + 6y^" 
n = 5&&/0;7;ll 


t + zx + X** + ax^y + 6y^ C P(4, 3, 1, 2) 
P(3,l,2), Diff=(i,iO,^) 


6,12 


70 


2^a; + aty^x72-i(x-,y'^) + 
a;V4-fc(^-,2y'),i< l||fc< 1 


^^ + <;(z^/^x,y) CP(4,9,3,1) 
Diff=(0,i,0,0) 


2 


71 


2^a; + a:** + aixj/^" + 
(n = l;2&6^0);3,4 


t"+ff(z,x,2/^/") CP(8,9,6,5) 
Diff=(0,0,0,2^) 


2,4,5 


72 


z X + x + zy 
n = 4;7; 8; 11, 13, 14 


i + 2^x + x" + zy C P(8, 3, 2, 5) 
P(3,2,5), Diff=(|,0,0,^) 


6,7,9 
15 



86 



73 


z^'x + + it/" 
n = 5, 7; 9; 11, 13, 15 


+ 2a; + + C P(4, 9, 3, 8) 
Diff=(0,i,0,^) 


7,10,16 


74 


z^'x + cc* + txy^ 
n = 7,9 


i^ + + a;* + ta;y C P(4, 9, 3, 5) 
Diff=(0,i,0, ii^) 


10 


75 


z'-x + a;** + tzy"^ 
n = 2, 3; 4, 5, 6 


+ z'-x + a;* + izy C P(8, 9, 6, 7) 
Diff=(0,0,0,2^) 


6,7 


76 
(0) 


z^x + x\x + y^yy^^fs-.-j^kix, 
azy^",n= 1,2 


t + <;(2,a;,yi/") CP(5,2,1,1) 
P(2,l,l),Diff=(2,0,0,2^) 


3 


77 


z'^x + + aty'^" + by'^" 

n = 3,4 


i^ + 5(2,x,i/^/") CP(5,6,3,5) 
Diff=(0,0,0,^) 


5 


78 


z^x + a;^ + J/" 
n= 7; 8; 11; 13, 14 


i + z^a; + a;'' + y C P(5, 2, 1, 5) 
P(2,l,5), Diff=(i,0,0,2^) 


7,9,12 
15 


79 


z^x + x'' + azy"- + bx^y" 
(n = 4;5)&a^0; 7; 8 


i + 2^a; + a;'' + azy + bx^'y C P(5, 2, 1, 3) 
P(2,l,3),Diff=(2,0,0,2^) 


4,6,9 


80 


z^x + x'' + txy"- 
n = 5, 6 


+ z^x -^x" ^ txy C P(5, 6, 3, 7) 
Diff=(0,0,0,^) 


7 


81 


z'^x + x^y + aty^" + by^"" 

n = 4,6 


+ 5(z^/^ a;, y) C P(4n, 9n + 1, 3n - 1, 4) 
Diff=(0,i,0,0) 


8 


82 


z^x + x^y + ax'^y^ + fej/^""^ 
(n = 4;6)&b/0;10 


t + 5(2^^^ a:, y) C P(4n - 2, 3n - 1, n - 1, 2) 
P(3n- l, n - 1.2), Difr=(|, i, 0, 0) 


4,6,12 


83 


z^x + x'^y + 
n = 8; 10; 14; 16; 20 


t + g{z^^^,x, y) C P(4n, 3n + 1, n - 1, 4) 
P(3n + 1, n - 1, 4), Diff=(|, i, 0, 0) 


9,12,16 
18,24 


84 
(1) 


z'^x + tf3{x,y'^) + yf4{x,y^) 


i^ + 5(«'/',a-,y) CP(3,7,2, 1) 
Diff=(0,i,0,0) 


2 


84' 


z'^x + azy^ + x^yf4-i{x,y^) 

a / 0\\i < 2 


i + 5(0,a;,y) CP(13,5,3,1) 

P(5,3,l), Difr=(|, 0,0,0) 


3 


85 


z^x + ty\ax^ + by'') + x^'yf2-i{x\ y') 
6^0||i < 1 


^^+fir(^l/^a:,y) CP(10,23,7,2) 
Diff=(0,i,0,0) 


4 


86 


z'^x + x'yf4-i{x,y'^) 


t + g{z^''^,x,y) CP(17, 13,4, 1) 
P(13,4,l), Diff=(|,i,0,0) 


6 


87 


z^x + x^y + atxy'"+' + bzy'''+' 
n = 1 6# 0;2,3 


i^ + g{z, X, y) C P(8n + 3, 9n + 4, 6n + 1, 5) 
Diff = 


4,5 


88 


z''x + x*y + zy" 
n = 5; 6; 9, 11,12 


t + g{z, X, y) C P(8n + 1, 3n + 1, 2n - 1, 5) 

P(3n + 1, 2n - 1, 5), Diff=(|, 0, 0, 0) 


6,7,15 


89 


z^x + x"^y + ty'^ 
n = 5;7; 9; 11, 13 


+ g{z^'^, X, y) C P(4n, 9n + 2, 3n - 2, 8) 
Diff=(0,i,0,0) 


7,8,10 
16 


90 


z^x + x"^y + txy'^ 
n = 6, 8 


+ g{z^''\ X, y) C P(4n - 1, 9n - 1, 3n - 2, 5) 
Diff=(0, 5,0,0) 


10 


91 


z^x + + tzy" 
n = 2;3,4,5 


i^ + g{z,x,y) C P(8n + 1, 9n + 2, 6n - 1, 7) 
Diff = 


5,7 


92 


z'^x + atx^y^ f4-i-j{x,y) + bx''y'- 
■f6-k-i{x,y),i = 0||A; = 


t'+5(2'/',x,y) CP(2,5,1,1) 
Diff=(0, i,0,0) 


2 


93 


z'x + ax" + hfx* + 
/) = 7; 11 


+ zx + ax'' + bfx" + y C P(2. 5. 1. 6) 
P(2,r), 1), Diff=((), ^,0, 


7,12 


94 


z^x + tx{ax-^ + fey") + ctzy^ + dx''^- 
•/2-,(x-',y4),c/0||i = 


+ g{z,x,y''') C¥{4,5,2,3) 
Diff=(0,0,0,i) 


3 


95 


z^x + i(ax* + bx^y'^ + cy**) + daj^^j/^j- 
•/3-i-,■(a;^2/3),i<l&(c#0||^ = 0) 


^=*+5(2l/^x,yl/^) CP(2,5,1,2) 
Diff=(0,i,0,|) 


4 



87 



96 


z^x + tx{a3r + }nf) + cx^^f2-i{x^, y ) 
&/0||i = 


^^+ff(^^/^x,y^/^)cP(2,5,l,3) 
Diff=(0,i,0,|) 


6 


97 


z'^x + atx'^ + cty^ + hx*' + da;^?/" 
n = 5&C 7^ 0; n = 7 


^^+^/(^^/^:c,y^/")cP(2,5,l,4) 
Diff=(0,i,0,^) 


6,8 


98 


z^x + ax^ + htx'^ + 
n = 4,5;6 


t=^ + 5(2,a;,yi''") CP(4,5,2,7) 
Diff=(0,0,0,^) 


5,7 


99 


z^a; + x^y + j/" 
n = 7,8; 10; 12 


i + za: + x^y + y" C P(5n, 4n + 1, ri - 1, 5) 
P(4n+l,n-l,5), Diff=(|, |, 0, 0) 


9,12,30 


100 


z'^x + x^y + aty^" + 

n = 3, 4 


+ X, y) C P(5n, 12n + 1, 3n - 1, 5) 

Diff=(0,i,0,0) 


10 


101 


i < 2&i < 1 


^ + ff(^^/^x,y) CP(11,9,2,1) 
P(9,2, 1), Diff=(|,i,0,0) 


6 


102 


z^x + zy^{ax^ + biy^) + x^'+^j/- 
•/2_,(a:^2/3)^5^0||^ = 


t + <7(2,a;,y) CP(17,7,3,2) 
P(7,3,2), Diff=(|, 0,0,0) 


3 


103 


z^'a; + x^y + x'^y'^ 


t + zx + x^y^ x^y'' C P(38, 31, 7, 3) 
P(31,7,3), Difr=(|,i,0,0) 


18 


104 


z^x + x^y + 

n = 4,6, 7 


t + g{z, X, y) C P(10n + 1, 4n + 1, 2n - 1, 6) 

P(4n + l,2n-l,6), Diff=(2, 0, 0, 0) 


9 


105 


«^a; + x^'y + ty" 
n = 5, 7 


+ g{z, X, y) C P(5n, 6n + 1, 3n - 2, 10) 
Diff = 


5 


106 


z^x + a;^?/ + tej/" 
n = 5, 6 


+ g{z^''^,x, y) C P(5n - 1, 12n - 1, 3n - 2, 7) 
Diff=(0, 5,0,0) 


14 


107 


z'x + a;''y^ + 
n = 7; 11; 13; 17 


t + zx + x*y^ +y" C P(4n, 3n + 2, n - 2, 4) 
P(3n + 2,n-2,4), Diff=(|, i, 0, 0) 


9,15,18 
24 


108 


^2a; + a;V/2-i(a;^^/") 
n = 3 i = 0;7 


t + g{z'^'^,x,y) C P(4n + 4, 3n + 4, n, 2) 

P(3n + 4,n,2), Diff=(|, i, 0, 0) 


6,12 


109 


n = 3, 5 


+ g{z^^^,x, y) C P(4n, 9n + 2, 3n - 2, 4) 
Diff=(0, i,0, 0) 


8 


110 


z'x + t2/'(ax-' + 6'/) + x'S'h-iix^y'') 
6/0||i < 1 


t^+5(z'/',aj,y) CP(8,19,5,2) 
Diff=(0,i,0,0) 


4 


111 


z'-x^x'-y'!i-r{x,y'') 
i < 2 


t + g{z^''^,x,y) CP(14,11,3,1) 
P(3n + 4, n, 2), Diff=(|, i, 0, 0) 


6 


112 


z^a: + a:"*?/^ + 
n = 2;5 


t + 5(2, X, y^/'^) C P(8n + 1, 3n + 1, 2n - 1, 5) 
P(3n + 1, 2n - 1, 5), Diff=(2, 0, 0, i) 


6,10 


113 


z''x + x'^y'' + atxy'^ + zy'' 


t'^ + 5(z,x,2/) CP(14,17, 8,5) 
Diff = 


4 


114 


z^'x + x'^y'' + 
n = 7;9 


t + g{z,x,y) C P(8n + 2, 3n + 2, 2n - 2, 5) 
P(3n + 2,2n-2,5), Diff=(|, 0,0,0) 


9,15 


115 


2:^a; + x'^y'' + atxy^ + fe^j/** 


+g{z,x, !/''') C P(ll,13,7,5) 
Diff=(0,0,0,i) 


5 


116 


2 a; + X' J/ + 
n = 5;7;9, 11 


+ g{z^''^,x, y) C P(4n, 9n + 4, 3ri - 4, 8) 
Diff=(0,i,0,0) 


7,10,16 


117 


z^x + a;"?/^ + ta;y" 
n = 5,7 


^3 _,_ £,(^1/2^ (2 p(4„ - 2, 9n - 2, 3n - 4, 5) 
Diff=(0,i,0,0) 


10 


118 


^^a; + a:^y2 + tej/^" 
n= 1;2 


+ g{z, X, y^''^) C P(8n + 1, 9n + 2, 6n - 1, 7) 
Diff=(0,0,0, i) 


6,7 


119 


z^'a; + x'^y'' + tay^ 


t-^+ff(«,x,t/) CP(26,31,16, 7) 
Diff = 


8 



88 



120 


z^x + x^y^ {x + yY f7-.,-j-u{'x, y) + azy"^ 
j < 3&fc < 3&(a / 0||i = 0) 


t + g{z,x,y) C¥{7, 3,1,1) 
P(3, 1,1), Diff=(|, 0,0,0) 


3 


121 


z^x + x' +y" 
a = 8; 10 


t + z^x + x' + y C P(7,3, 1,7) 
P(7,3,l), Diff=(|,0,0,^) 


9,21 


122 


z^x + x' + aty*" + by'' 


+ z^x + x' + aty^ + by" C P(7, 9, 3, 7) 
DifF=(0,0,0,2) 


7 


123 


z^x + ty^(z + ax?^ + hx^ + cxi^y^ 


t^+5(z,a;,y^/'^) CP(7,9,3,5) 
Diff=(0,0,0,i) 


6 


124 


z^x + x' + x^y' 


t + z^x + x' +x^y C P(7, 3, 1, 5) 
P(3,l,5), Diff=(|,0,0,f) 


15 


125 


z^x + x' + zy-' + bx-^y'^ 


t + z^x + x' + zy + bx'y C P(7, 3, 1, 4) 
P(3,l,4), Diff=(|, 0,0,1) 


6 


126 


z^x + x' +ty'' 


f + z^x + x' +ty C P(7, 9, 3, 14) 
Diff=(0,0,0,4) 


7 


127 


z''x + x' + txy" 


+ z^x + x' + txy C P(7, 9, 3, 11) 
Diff=(0,0,0,i) 


11 


128 


z^x + x^y + atx^y"^ + j/** 


+ g{z"\x,y) cn^Q,Al,7,Q) 
Diff=(0,i,0,0) 


4 


129 


z^x + ty'^iax'^ + fey") + cx'"y- 
/2-.(x-=\y4),&/0|!i = 


+ g{z^''^,x,y) C P(9,23,4,3) 
Diff=(0,i,0,0) 


6 


130 


^2a; + a;V^+V3-i-.•(x^^/^) 
i < l&j < 1 


^ + ^;(^^/^a;,^/) CP(20,17,3,2) 
P(17,3,2), Difr=(|,i,0,0) 


12 


131 


z''x + a;" J/ + zy'^ 
n = 5; 6 


t + g{z,x,y) C P(12n+ l,5ri + l,2n - 1,7) 
P(5n + 1, 2n - 1, 7), Diff=(|, 0, 0, 0) 


12,21 


132 


«^a; + x^'y + ty" 
n = 5; 7 


+ g{z^''^, X, y) C P(6n, 15n + 2, 3n - 2, 12) 
Diff=(0, i,0,0) 


11,24 


133 


2"^ a; + x'°y + ta;?/'' 


+ g{z, X, y) C P(29, 37, 13, 9) 
Diff = 


9 


134 


a; + x'^y + 


f^+5(z,a;,y) CP(25,32,11,9) 
Diff = 


9 


135 


z^a; + x^y'^ + y" 
n = 8; 10; 11 


t + g{z, X, y) C P(5n, 2n + 1, n - 2, 5) 
P(2n+l,n-2,5), Diff=(2, 0, 0, 0) 


9,12,15 


136 


z-'x + a;'' J/'' + aty'" + fey'' 


f^+ff(«,x,j/) CP(15, 19,7,5) 
Diff = 


5 


137 


z^'a: + x^'y-' + azy""' + te^'y" 
n = 6 a 7^ 0; 7 


t + g{z,x,y) C P(5n - 4, 2n - 1, n - 2, 3) 
P(2n- l,n-2,3), Diff=(f , 0, 0, 0) 


6,9 


138 


z^x + a;*"?/^ + txy^ 


t^+5(«,a;,j/) CP(23,29,11,7) 
Diff = 


7 


139 


z^x + a;"?/^ + y" 
n = 8; 10; 14 


t + g{z^''\x, y) C P(4n, 3n + 3, n - 3, 4) 
P(3n + 3,n-3,4), Diff=(2, i, 0, 0) 


12,16,24 


140 


2^a; + x'^y-^ + otj/** + by^'^ 


^^+5(0^/^x,J/) CP(16,39,9,4) 
Diff=(0,i,0,0) 


8 


141 


z^x + x'^y-^ + ax^y^ + 


^ + <;(^^/^a;,J/) CP(26,21,5,2) 
P(21,5,2), Diff=(|,i,0,0) 


12 


142 


a^a; + x^y" + a?/" 
n = 5;7,8 


t + 5(2, a;, y) C P(8n + 3, 3n + 3, 2n - 3, 5) 
P(3n + 3, 2n - 3, 5), Diff=(|, 0, 0, 0) 


9,15 


143 


^i^'a; + + atxy° + bzy" 


t^+ff(2,x,2/) CP(17,21,9,5) 
Diff = 


5 



89 



144 


n — 5;7 


t-^ + 5(z^''^ X, J/) C P(4n, 9n + 6, 3n - 6, 8) 
Difr=(0, i,0,0) 


8,10 


145 


z^x + x'^y-' + ty" 


t-' + ZX + x^y + ty' C P(12, 29, 7, 8) 
Diff=(0,i,0,§) 


16 


146 


z^x + x'^y-^ + txy" 


i-" + ZX + x^y + txy^ C iP(7, 17, 4, 5) 
Difr=(0,i,0,|) 


10 


147 


z^x + x^j/^ + tzy'' 


t-^+5(z,x,y) CP(19,24,9,7) 
Diff = 


7 


148 


z''x + x'^y^ + tzy^ 


+ a^x + x^y + tzy C P(9, 11, 5, 7) 
Diff=(0, 0,0,1) 


7 


149 


z^x + x'y^fg-,-j{x,y) 
i < l&J < 4 


^ + 3(^l/^x,y) CP(8,7,1,1) 
P(7,l,l), Diff=(|,i,0,0) 


6 


150 


z-'x + x^ + aty" + by'' 


+ zx + X** + afy'' + by" C P(8, 21, 3, 8) 
Diff=(0,i,0,|) 


16 


151 


z^'x + X* + zy" 


t + z^x + x^ + zyC P(16, 7, 2, 9) 
P(7,2,9), Diff=(|, 0,0,1) 


15 


152 


z^'x + X* + x^y' 


t + «x + x* + x^y C P(8, 7, 1, 6) 
P(7,l,6), Diff=(2, 1,0,1) 


36 


153 


z^'x + x"" + txy'' 


+ZX + X'' + txy C P(8, 21, 3, 13) 
Diff=(0,i,0,|) 


26 


154 


z'-'x + x" + tzy'' 


+ «^x + x** + tzj/ C P(16, 21, 6, 11) 
DifF=(0,0,0,i) 


11 


155 


z^x + x^y + aty'' + by^ 


^^ + 5(^l/^x,y) CP(21,55,8,7) 
Diff=(0, i,0,0) 


14 


156 


z^x + x'y + x'^y' 


t + zx + x'y + x^y' C P(47, 41, 6, 5) 
P(41,6,5), Diff=(|,i,0,0) 


36 


157 


z^x + x'y + zy^ 


t + g{z,x,y) C P(71,31,9,8) 
P(31,9,8), Diff=(|, 0,0,0) 


12 


158 


z^x + x^y + txy^ 


+ g{z^''\x, y) C P(34, 89, 13, 11) 
Diff=(0,i,0,0) 


22 


159 


z^x + x^y^ + aty*^ + fcy" 


^^ + 5(2l/^x,^y) CP(18,47,7,6) 
Diff=(0,i,0,0) 


12 


160 


zx + xj/ + X y 


i + zx + xV + x^j/' C P(38, 33, 5, 4) 
P(33,5,4), Diff=(|,i,0,0) 


24 


161 


z X + X y + zy 


t + 5(z,x,2/) CP(62,27,8,7) 
P(27,8,7), Diff=(|, 0,0,0) 


12 


162 


z^x + x^y^ + tey^ 


^^+ff(^l/^x,J/) CP(28,73,11,9) 
Diff=(0,i,0,0) 


18 


163 


z^'x + x**j/'' + tzy'' 


+ z^x + x^y + tzy C P(13, 17, 5, 9) 
Diff=(0,0,0, i) 


9 


164 


z^x + ox^j/^ + 6tx^ + cty^ + dj/^ 

M + |rf|/o 


^^+3(^l/^x,J/l/■^) CP(5, 13,2,5) 
Diff=(0,i,0,|) 


10 


165 




t + zx + x''y' + y'" C P(50, 43, 7, 5) 
P(43,7,5), Diff=(|,i,0,0) 


30 


166 


z^x + x^'y"' + x^y' 


t + zx + x'^y' + x^y ' C P(29, 25, 4, 3) 
P(25,4,3), Diff=(|,i,0,0) 


18 


167 


z^'x + x"?/^ + zy'' 


t + g{z,x,y) CP(53, 23, 7,6) 
P(23, 7,6), Diff=(|, 0,0,0) 


9 
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168 


z^x + x^y^ + tx'if' 


^^+ff(^^/^x,y) CP(22,57,9,7) 
Diff=(0,i,0,0) 


14 


169 


z^x + ax'^'y'^ + htx'^y + cty'^ + dy^ 
\c\ + Ml / 


+ a;, y) C P(12, 31, 5, 4) 
Diff=(0, i,0,0) 


8 


170 


z^x + x^y^ + y'' 


t + zx + x^y" + y"" C P(44, 37, 7, 4) 
P(37,7,4), Diff=(|, 1,0,0) 


24 


171 


z^x + x'^y'^ + zy^ 


t + g{z,x,y) C P(44, 19,6,5) 
P(19,6,5), Diff=(2, 0,0,0) 


9 


172 


z^x + x'^y'^ + zy^ 


i + z^a; + a;'*y'' + zy^ C P(26, 11, 4, 5) 

P(ll,4,5), Diff=(2,0,0,i) 


15 


173 


z^x + x'^y^ + ty'' 


+ g{z^''\x, y) C P(28, 71, 13, 8) 
Diff=(0,i,0,0) 


16 


174 


z^x + x'^y'^ + txy^ 


^^+ff(zl/^a;,y) CP(16,41,7,5) 
Diff=(0, 5,0,0) 


10 


175 


z^x + ax'^y'^ + htx^ + tzy^ 


t='+ff(z,x,yi''^) CP(10,13,4,7) 
Diff=(0,0,0,i) 


7 


176 


z^x + te^ + y" 
n = 7; 11; 13; 17 


+ za; + ta;^ + y C P(3, 7, 2, 9) 
P(3,7,2), Diff=(0,i,0,2^) 


7,11,14 

18 


177 


z^x + tx^ + aty* + te^y" + cy^'^ 
|a| + |c| ^0 


t^+5(2,a;,y^/") CP(6,7,4,3) 
Diff=(0,0,0,i) 


3 


178 


+ tx'' + 2/^" 
n = 4,5;7,8 


f + z^x + tx'' + y^ C P(6, 7, 4, 9) 
Diff=(0,0,0,ii^) 


5,9 


179 


ai'^x + tx-^ + a;''?/" 
n = 7,9 


+ za,- + te^ + a;^y C P(3, 7, 2, 5) 
Diff=(0,i,0,2^) 


10 


180 


z^x + ta;^ + otay" + fex^y^" 
n = 2a^0;n = 3a7^0,4 


t=*+5(^,x,y^/") CP(6,7,4,5) 
Diff=(0,0,0,ii^) 


4,5 


181 


z^a; + tx"^ + 2:y" 
« = 4; 5; 6, 7; 8, 9, 10 


+ z^x + tx* + zy C P(6, 7, 4, 11) 

Difr=(o,o,o,2^) 


4,5,7 
11 


182 


z'x + ts-^j/ + 2/""+^ 
n = 3; 5, 6 


i-^ + g{z, X, y) C P(6n + 3, 7n + 5, 4n - 1, 9) 
DifF = 


5,9 


183 


+ tx^y + y" 
n = 8; 10; 14 


+ g{z^''\ X, y) C P(3n, 7n + 3, 2n - 3, 9) 
Diff=(0,i,0,0) 


10,12,18 


184 


z^'x + te^y + otj/" + 6a;^j/* + cj/^ 

|a| + |c| ^0 


<"+ff(z,x,y) CP(9,11,5,3) 
Diff = 


3 


185 


z^x + ta::^2/ + oiV^ + 6a::^y^ + cy^^ 
|a| + |c| ^0 


^^+s(z^''^a;,y) CP(12,29, 7,3) 
Diff=(0,i,0,0) 


6 


186 


z'-x + ia;^y + atzy^ + hx'y'"+' 
n = 2 o ^ 0,3 


i-^ + g{z, X, y) C P(6n + 1, 7n + 2, An - 1, 5) 
Diff = 


5 


187 


z^a; + te^y + a;^j/* 


+ zx + tx-'y + a^^y** C P(22, 53, 13, 5) 
Diff=(0,i,0,0) 


10 


188 


z^a; + tx'^y + zy" 

n = 4; 5, 6; 7, 8 


+ g{z, x, y) C P(6n + 1, 7n + 3, 4n - 3, 11) 
Diff = 


5,7,11 


189 


z^a; + ta::'' + y** 


+ z^x + tx'' + C P(10, 13, 4, 15) 
Diff=(0, 0,0,1) 


5 


190 


z^'a; + ta;'' + a;''y' 


+ za; + tx'' + x^y C P(5, 13, 2, 11) 
Diff=(0,i,0,f) 


22 


191 


z^'a; + te" + zy" 


+ z^a; + tx^ + zy C P(10, 13, 4, 17) 
Diff=(0, 0,0,1) 


10 
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192 


z^x + tx'-y + J/" 
n = 8; 10 


t-^ + g{z^''\ x, y) C P(4n, lOn + 3, 2n - 3, 12) 
Diff=(0,i,0,0) 


10,24 


193 


5 4 i ^ 

z X + tx y + X y 


+ y) C P(26, 67, 11, 8) 
Diff=(0,i,0,0) 


16 


194 


z^x + tx'^y + zy^ 


t^ + 5(z,a;,3/) CP(41,53,17, 14) 
Diff = 


7 


195 


z^x + tx^"- + J/« 


t"+ff(«,a;,y) CP(24,31,10,9) 
Diff = 


5 


196 


z'-x + txS'' + J/'" 


i-" + z'^x + tx^y + C P(15, 19, 7, 9) 
Diff=(0,0,0,i) 


9 


197 


z^x + te^j/^ + 


+ X, y) C P(33, 83, 16, 9) 
Diff=(0,i,0,0) 


18 


198 


2;^a; + tx^j/^ + x^y'' 


^=^ + 5(^l/^a;,y) CP(17,43,8,5) 
Diff=(0,i,0,0) 


10 


199 


z^'x + te^j/'' + zy" 


t^ + 5(0,a:,y) CP(32,41,14,11) 
Diff = 


7 


200 


z^x + te^T/'' + zy*^ 


+ z^x + tx^'y + zy" C P(19, 24, 9, 11) 

Diff=(0,0,0,i) 


11 


201 


z^y + x' + 2/" 
n = 8; 10; 16; 20 


t + zy + x + y"- C P(n, n - 1, n, 1) 
P(n-l,n,l),Diff=(2,i,f,0) 


15,21,36 
42 


202 


z^y + a:^ + ty^+'iaz + 6^^"+^) + 
cy«"+3,n= 1,2 


+ g(z, x^l"^ , y) C P(2n + 1, 3n + 1, 6n + 3, 1) 
P(2n + l,3n + l,l), Diff=(0, 0, f , 0) 


7 


203 


^^2/ + a;' + 
n = 5,6;8,9 


t + z^y + x + y^"+' C P(2n + 1, n, 2n + 1, 1) 
P(n,2n + l,l), Diff=(|,0,f,0) 


15,21 


204 


z^y + x'' + aty*" + by''" 

n = 2;3 


+ g{z^^^, x^l"^ , y) C P(2n, 6n - 1, 6n, 1) 
P(2n, 6n - 1, 1), Diff=(0, i, f , 0) 


8,14 


205 


z'y + x\x + yyf7-^-jix,y^) 
i < 5&i < 5 


^ + ff(^l''^x•,y) CP(14, 13,2,1) 
P(13,2,l), Diff=(|,i,0,0) 


6 


206 


z^y + x' + xy" 
n = 7; 11; 13; 17 


t + zy + x' + xy" C P(7n, 7n - 6, n, 6) 
P(7n-6,n,6), Diff=(|, i, 0, 0) 


15,21,30 
36 


207 


z^y + x'' + ax^y" + hxy^"" 
n = 4;8 


i + g{z'^''\ X, y) C P(7n, 7n - 3, n, 3) 
P(7n-3,n,3), Diff=(|, i, 0, 0) 


12,18 


208 


z^y + ty{ax'^ + + cy'')+ 
x'^+'fz^^{x\y^),\b\ + \c\^0\\i<l 


^^+ff(^^/^x,^/) CP(7, 19,3,2) 
Diff=(0,i,0,0) 


4 


209 


z'y + x' + ax*;y""+^ + 
n = 2. 3 


t + 5r(«, a:, y) C P(14n + 7, 7n + 2, 2n + 1, 3) 
P(7n + 2, 2r + 1, 3), DifF=(|, 0, 0, 0) 


9 


210 


i < 2 


t + g{z^''\x,y) C P(35,33,5,2) 
P(33,5,2), Diff=(|,i,0,0) 


12 


211 


n = 2 6^0;4 


+ g{z^''^,x, y) C P(7n, 21n - 5, 3n, 5) 
Diff=(0,i,0,0) 


4,10 


212 


z'y + x' +xV"^' 
n = 3; 5, 6 


t + g{z, X, y) C P(14n + 7, 7n + 1, 2n + 1, 5) 
P(7n + 1, 2n + 1, 5), Diff=(|, 0, 0, 0) 


9,15 


213 


z^/ + x' + x'y" 
II. = S: 14 


f. + <i{z^''\x. !/) C P(7n,. 7n - 5. ri. 5) 
P(7« - 5. n. 5). Diff =(4, ^,0,0) 


16.30 


214 


a'^y + x' + atx'^y-^ + hx'^y'^ 


+S'(2,x,y) C P(21,29,9,5) 
Diff = 


5 


215 


z^y + a;^ + x^j/" 
n = 5;7;ll 


t + g{z^'^,x, y) C P(7n, 7n - 4, n, 4) 
P(7n-4,n,4), Diff=(|,i,0,0) 


10,18,24 
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216 


z^y + x'^ + atx^y^ + bx'^y^ 


CP(21,59,9,4) 

Diff=(0, i,0,0) 


8 


217 


z^y + x' +ty" 
n = 5; 9, 11; 13 


+ zy + x + ty" C P(n, 3n - 2, 3n, 2) 
P(n,3n-2,2), Diff=(0, i, f , 0) 


10,22,28 


218 


z^y + x'' + txy"- 
n = 4;6,8; 10 


+ g{z^''\ X, y) C P(7n, 21n - 11, 3n, 11) 
Diff=(0,i,0,0) 


8,16,22 


219 


z^y + x' + txy'"+' 
n = 2;3,4 


+ g{z, X, y) C P(14n + 7, 21n + 5, 6n + 3, 11) 
Diff = 


5,11 


220 


z^y + x'' + tx'^y" 

n = 3,5;7 


+ giz^'"^, X, y) C P(7n, 21n - 8, 3n, 8) 
Diff=(0, i,0,0) 


10,16 


221 


z^y + x^ + ty^{az + by"^) + cy'' 


t^+3(z,a;i/«,y) CP(3,4,9,1) 
P(3,4,l), Diff=(0, 0,1,0) 


8 


222 


z^y + x^+ ax'^y^ + by^° 


^ + ff(^,a:l/^^/) CP(20,9,5,2) 
P(9,5,2), Diff=(|,0,i,0) 


12 


223 


z-'y + x'^+y''^ 


t + z^y + x + y^' C P(ll, 5, 11, 1) 
P(ll,5,l),Difr=(2,0,|,0) 


24 


224 


z^y + x^ + xy"^ 
n = 8; 10 


t + g{z^''^, X, y) C P(8n, 8n - 7, n, 7) 
P(8n- 7,n, 7), Difr=(|,i,0,0) 


18,42 


225 


z^y + x" + xy-' 


+ zy + x'' + xy'' C P(24, 65, 9, 7) 
Diff=(0,i,0,0) 


14 


226 


z^y + a;* + x^y' 


t + 5(a,a:,3/) CP(56,25, 7,6) 
P(25,7,6), Difr=(2, 0,0,0) 


9 


227 


z'^y + x'* + ax^y^ + hx^y^ 


^ + 5(^"^/^a:,^/) CP(32,29,4,3) 
P(29,4,3), Diff=(|, i,0,0) 


18 


228 


z^y + x^ + atx'^y* + hx'^y'^ 


t-^ + g{z^''^, X, y) C P(16, 43, 6, 5) 
Diff=(0,i,0,0) 


10 


229 


z^'y + a;** + x-'y' 


t + zy + x" + x-'y' C P(56, 51, 7, 5) 
P(51,7, 5), Diff=(2,i,0,0) 


30 


230 


z^y + x" +ty' 


+ z^y + x^ + ty' C P(14, 19, 21, 4) 
Diff=(0,0,f,0) 


16 


231 


z^y + x^ + txy" 
n = 5; 6 


+ g{z^''\ X, y) C P(8n, 24n - 13, 3n, 13) 
Diff=(0,i,0,0) 


10,26 


232 


z^y + zx" + y" 

n = 8; 10; 14 


t + z^y + zx + y"" C P(2n, n - 1, n + 1, 2) 
P(n-l,n + l,2), Diff=(|, 0,1,0) 


12,16,24 


233 


z^y + zx* + fy{azy + hx* + cf)^ 
dx^if^ + ct/', \u \ + ,<.| + ^d\ + ^(:\ ^ 


f'+.gfz.xi/^;,;) CP(3.4.5.1) 
Diff =((),(), -f.O) 


4 


234 


z^y + zx^ + x'^y^h-iix^y') 
i < 2 


^ + ^?(^,xl/^y) CP(11,5,3,1) 
P(5,3,l), Difr=(|,0,i,0) 


6 


235 


z^y + zx* + aty^ + by^^ 


f +g{z,x''\ y) C P(8, 11, 13,2) 
Difr=(0,0, 1,0) 


8 


236 


z y -\- zx + ax y + by 


t + z^y + zx + axy' + by'-' C P(13, 6, 7, 1) 
P(6,7,l), DiflfHl, 0,1,0) 


12 


237 


z y + zx + xy 
n = 2: :i 


+ g{z. X. y) C P(8fi + 3, 12fi + 1, 3n + 2. 7) 
Diff = 


4.7 


238 


z''y + zx"^ + xy" 
n = 8; 9, 11; 12 


t + g(z,x,y) C ¥{8n + l,4n - 3, n + 1, 7) 
P(4n-3,n + l,7), Diff=(|, 0, 0, 0) 


13,18,21 


239 


z'^y + zx* + x^2/" 
n = 6; 10 


t + g{z, x^^^,y) C P(4n + 1, 2n - 1, n + 1, 3) 
P(2n-l,n+l,3), Diff=(|, 0, i, 0) 


10,18 
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240 


z^y + zx" + ax'' J/" + 6x^2/^"+' 
n = 3 67^0; 4 


t + g{z, x, y) C P(8n + 5, 4n + 1, n + 1, 3) 
P(4n + 1, n + 1, 3), Diff=(|, 0, 0, 0) 


6,9 


241 


z^'y + zx^ + a;^y" 
n = 5; 7; 8 


t + g{z, X, y) C P(8n + 3, 4n - 1, n + 1, 5) 
P(4n - 1, n + 1, 5), Diff=(|, 0, 0, 0) 


9,12,15 


242 


z'-'y + zx"^ + atx'-y'' + hx'^y'' 


t^+5(z,a;,3/) CP(17,23, 7,5) 
Diff = 


5 


243 


z^y + 22:^ + ty" 
n = 5;7;9 


+ g{z, x^''^,y) C P(2n, 3n - 2, 3n + 2, 4) 
Diff=(0,0,|,0) 


10,13,16 


244 


^I'^j/ + a;a;* + txy^ 
n = 4;5,6 


i"" + g{z, X, y) C P(8n + 1, 12n - 5, 3n + 2, 13) 
Diff = 


7,10 


245 


z^y + zx'^ + tx^y" 
n = 3; 5 


+ g(2, x^/^ y) C P(4n + 1, 6n - 1, 3n + 2, 5) 
Diff=(0,0,i,0) 


7,10 


246 


+ tx"" + J/" 
n = 8; 14 


i-" + zj/ + ta; + 2/" C P(n, 3n - 3, 2n, 3) 
Diff=(0,i,|,0) 


15,30 


247 


z^y + ta;'^ + ata::^y'' + hx^y^^ 
cx^y'' + dy^° 


+ 5(z^/^ a:, y) C P(10, 27, 4, 3) 
Diff=(0,i,0,0) 


3 


248 


z^y + tx" + y'' 


+ + + j/^^ C P(ll, 15, 22, 3) 

Diff=(0,0,|,0) 


11 


249 


z^y + tx'^ + aty^ + hx^y"^ + cy^^ 


^^+s(2^/^x,2/^/^) CP(4,11,8,1) 
Diff=(0,i,i,0) 


10 


250 


z^t/ + tx^ + a;2/" 
n = 8; 10; 12 


+ g{z^''^,x, y) C P(5n, 15n - 13, 2n, 13) 
Diff=(0,i,0,0) 


16,22,26 


251 


z-'y + te'' + xy"" 


+ X, y) C P(45, 61, 18, 13) 
Diff = 


9 


252 


z'^y + te^ + x^j/" 
n = 6;8; 10 


+ ffCz^/^, X, J/) C P(5n, 15n - 11, 2n, 11) 

Diff=(0,i,0,0) 


12,18,22 


253 


z^j/ + tx'^ + a;^j/'' 


i-^ +g{z,x,y) C P(35, 47, 14,11) 
Diff = 


7 


254 


2^2/ + tx'' + x-^y^ 


+ g{z, X, y) C P(25, 33, 10, 9) 
Diff = 


5 


255 


z-'y + tx" + x'^y" 


-^zy-\- tx" + x-'y'' C P(40, 111, 16, 9) 
Diff=(0,i,0,0) 


18 


256 


z^y + tx^+x*y" 
n = 4;6 


+ g{z^''^,x, y) C P(5n, 15n - 7, 2n, 7) 
Diff=(0,i,0,0) 


10,14 



(0) n = l&fc < l&(a ^ 0||(z = O&j < 1)), n = 2&fc < l&(ffl ^ 0||(i < l&j < 4)). 

(1) The singularity is + ^^a; + atx^{x + y^y f3-i-j{x,y'^) + hx^y{x + 
fi-k-i{x,y^). The common exceptionality condition for two cases is [i = Q\\k < 

1). The first case is (6 7^ 1 1 < 2) and the coefRcient a is absent (sec the comments 
to the tables). If the coefScient h is absent then we have the second case. 



14. Singularity - tz" f2-i{t, z) +g{z,x,y){i < 1) 



1 


x^ + y^ 
n = 5;7;11 


tz'f2-i{t, z)+x + y C¥(l, 1,3, 3) 
P(l,l,3), Diff=(0, 0,1,2^) 


5,8,12 


2 

(1) 


Mt,z)+y^f2{t,z) + 
{t + z){x^y + y^) + f2{x\y') 


tz'h-i{t, z) + 9{z,x^l'\ y) C P(2, 2, 3, 1) 
Diff=(0,0,i,0) 


2 


3 


x^fi-j{x,y'^) 
i<2 


tz'h-i{t, z) + g{z, x, y'l'') C P(4, 4, 3, 3) 
Diff=(0, 0,0,1) 


3 


4 


+ ktz^ + Iz'-^ + {at + bz)y^+ 


tz'h-i(i, z) + 5(2, x'l\ y"') C P(l, 1, 3, 1) 


4 
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ctzy^ + dy^ + x'^ 


p^Diff= (0,0,1,^) 




5 


x^^f2-j{x',yn 


tz'h-i{t, z) + x'f2-j (x, y) C P(2, 2, 3, 3) 
Diff=(0,0,i,|) 


6 


6 


X* + xy"" 
n = 4,5;7,8 


t«72-«(t, 2) + x^ + xy C P(4, 4, 3, 9) 
Diff=(0,0,0,2^) 


5,9 


7 


x" + zy'^ 
n = 3 i = 0;5;7 


tz'f2-i{t, z)+x + zyc P(l, 1, 3, 2) 
P(l,l,2), Diff=(0,0,f,^) 


4,5,8 


8 


+ zxy^ 
n = 2i = 0;n = 3,4 


tz'f2-^{t, z)+x^ + zxy C P(4, 4, 3, 5) 
Diff=(0,0,0,2^) 


2,5 


9 


x^h-j(x,y) 

i = i 


tz'f2-i{t, z) + x'h-i(x,y) C P(5, 5, 3, 3) 
Diff = 


3 


10 


+ ktz^ + Iz-^ + (at + hz)y^+ 
ctzy^ + dy^ + x^ 


tz'f2-i{t, z) + g{z, x"\ y'/'^) C P(l, 1, 3, 1) 
P^Diff=(0,0,|,i) 


5 


11 


x" +y'' 


tz'f2-i{t, z) + x + y(Z P(l, 1, 3, 3) 

P(l,l,3), Diff=(0,0,|,|) 


15 


12 


x^ + xy"" 


tz'f2-^{t, z) + x" +xy(Z P(5, 5, 3, 12) 
Diff=(0, 0,0,1) 


6 


13 


s' + xV 


tz'f2-i{t, z)+x''+ x^y C P(5, 5, 3, 9) 
Diff=(0, 0,0,1) 


9 


14 


a" + zxy"^ 


tz'f2-i{t, z)+x'' + zxy C P(5, 5, 3, 7) 
Diff=(0, 0,0,1) 


7 


15 


+ ktz^ + Iz^ + {at + bz)y^+ 

ctzy^ + dy^ + x^y 


tz'f2-iit, z) + g{z, xl/^ y) C P(2, 2, 5, 1) 
Diff=(0,0,|,0) 


4 


16 


x^y + ax^y"^ + by^ 
6/0 


tz'f2-i{t, z) + giz, x'l-\ y) c P(7, 7, 9, 3) 
Diff=(0,0,i,0) 


6 


17 


x'^y + y^ 


tz'f2-i{t, z) + g{z, x"\ y) C P(8, 8, 21, 3) 
Diff=(0,0,|,0) 


12 


18 


x'^y + xy" 
n = 5; 6 


tz'f2-i{t, z) + g{z, X, y) C P(4n - 1, 4n - 1, 3n - 3, 9) 
Diff = 


6,9 


19 


x'^y + zy'^ 


tz'f2-^it, z) + xl/^ y) C P(5, 5, 13, 2) 
Diff=(0,0,|,0) 


8 


20 


x*y + zxy* 


fz\f2-,(t. z) + X*// + zx-if - C P(ll. 11. 7. 5) 
Diff = 


5 


21 


zx-^ + 
n = 5 i = 0;7;8 


tz'f2-^{t,z) + zx + y C P(l,l,2,3) 
P(l,l,2), Diff=(0,0,2,2^) 


5,7,9 


22 

(2) 


+ ktz"^ + Iz^ + tx^ + aty* + sy^ 
+z{bx^ + cy'^) + dx^y'^ + etzy^ 


tz'f2-i{t, z) + g{z, x^l\y'/'') C P(l, 1, 2, 1) 
Diff=(0,0,i,i) 


3 


23 


zx^ + XJ/" 
n = 4 i = 0; 5; 6 


tz'f2-,it, z) + ZX-" + xyc P(3, 3, 2, 7) 
Diff=(0,0,0,ii^) 


4,5,7 


24 


zx + .7; :i/ 
= ?, i = 0; 1 


tz\f2-,(t. z) + ZX-"" + x-^y C P(3. 3. 2. 5) 
Ditf=(0.0.0, ^) 


3.5 



(1) See example 3.26. 

(2) If d = e = then we require that the polynomial without monomial is 
irreducible. 

15. Singularity - t^z + g{t, z, x, y) 



1 


z'x^f4-i-jix,y) + y'^ 
n = 5 i = O&j < 2; 7 


tz + z'x'f4-^-J{x, y)+yC P(3, 1, 1, 4) 
P(3,l,l), Diff=(i,0,0,^) 


5,8 


2 

(1) 


f4{z,x) +y-''f2{z,x) + 


tz + g{z,x,y^^''^) C P(3, 1,1,2) 
Diff=(i,0,0,2) 


4 


3 


z'x^f4-i-j{x,y)+ty'^ 


t'z + z'x'f4-i-j (x, y) + tyc P(3, 2, 2, 5) 


3,5 
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n = 3 i = O&j < 1;4 


Diff=(0,0,0,2^) 




4 


+ x•'y + y"■ 
n^5■,9;ll■,^5 


t2 + 2" + xy + C P(3n, n, 4n - 4, 4) 
Diff=(i, 0,2,0) 


7,15,16 
24 


5 


z^ + xi'^y + az^y^ + 6y^" 
n = 3 fe7^0;7 


tz-V g{z,x^l-\y) C P(3n, n, 4n - 2, 2) 
Diff=(l, 0,2,0) 


4,12 


6 


n = 2;4 


t2 + 3(2, x, y) C P(9n + 3, 3n + 1, 4n, 4) 
Diff=(i, 0,0,0) 


7,8 


7 


a 7^ 0||i < 1 


^^2 + ^;(2,a;l/^^/) CP(3,2,7, 1) 
Diff=(0, 0,2,0) 


3 


8 


zV4-i(z,J/^)+a;^J/ 
i < 2 


f2 + 274-i (2, y") + xy C P(9, 3, 11, 1) 
Diff=(i, 0,2,0) 


6 


9 


+ x'^y + xy" 
n = 6;8 


tz + g{z, X, y) C P(9n - 3, 3n - 1, 4n - 4, 8) 
Difr=(i, 0,0,0) 


8,16 


10 


+ x^y + 2a;j/* 


tz + 5(2, a:, y) C P(33, 11, 13, 5) 
Diff=(i, 0,0,0) 


10 


11 


+ ,T'':y + ai;y' + hzxy"" 


ez + g{z, X, y) C P(21, 14, 17, 5) 

Difr = 


5 


12 


z^ + .x--';y + 
n = 3; 6; 8, 9 


t^z + g{z, x^''\y) C P(3n, 2n, 8n - 5, 5) 
Diff=(0, 0,2,0) 


6,9,15 


13 


2* + a;^j/ + tx-y" 
n = 2;3,4 


t^2 + 5(2, X, y) C P(9ri - 3, 6n - 2, 8n - 5, 7) 
Diff = 


5,7 


14 


2" + a;'j/V5-i-j(a;,y) 

« < 2&i < 2 


t2 + sf(2,x,y) CP(15,5,4,4) 
Diff=(i, 0,0,0) 


8 


15 


+ a;^ + zxy'' 


tz + z^ + x"" + zxy C P(15, 5, 4, 11) 
Diff=(i,0,0,2) 


22 


16 


+ x^y" + az'j/^ + by" 


t2 + 2* + xy^ + a2^j/'' + by^ C P(9, 3, 8, 2) 
Diff=(i, 0,2,0) 


12 


17 


+ a^j/'' + y' 


t2 + 2* + xy" + y ' C P(21, 7, 20, 4) 
Diff=(i, 0,2,0) 


24 


18 


z^ + x^y' + ty'' 


ez + z* + xy + ty" C P(6, 4, 11, 5) 
Diff=(0, 0,2,1) 


15 


19 


z* + te'' + y'' 


f^2 + 2* + ix + y C P(3, 2, 5, 8) 
P(3,2,5), Diff=(0, 0,2,1) 


15 


20 


+ tx'-' + XJ/* 


i^z + 2" + tx^ + xy C P(9, 6, 5, 19) 
Diff=(0, 0,0,1) 


8 


21 


z* + tx"" + x^y^ 


i^z + 2* + fx^ + x^y C P(9, 6, 5, 14) 
Diff=(0,0,0,2) 


7 


22 


z" + ix" + zxy'' 


i^z + 2* + te" + 2xy C P(9, 6, 5, 13) 

Diff=(0,0,0,2) 


13 


23 


z" + te"y + 
n = 5;7 


i^z + 5(2, x^/^ y) C P(37i, 2n, 5n - 8, 8) 
Diff=(0,0, i,0) 


10,16 


24 


z* + tx^y + 02^2/^ + fey*^ 


^"2 + 5(2,xl/^y) CP(9,6,11,4) 
Diff=(0,0,i,0) 


8 


25 


z'^ + + at/'' 


i^2 + ff(2,x,y) CP(27, 18, 17,11) 
Diff = 


11 


26 


n = 2;4,5 


i^z + 5(2, X, y) C P(7n + 3, 4n + 3, 6n, 9) 
Diff = 


3,9 


27 


2 X + a: y^-y 


t2 + g{z, X, y) C P(7n - 1, 2n + 1, 3n - 3, 9) 


8,11,18 
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n = 6;8; 12 


Diff=(i, 0,0,0) 




28 


z-'x + az-'y' + x'yf3-i{x,y') 
i < 2 


t« + s(z,a;,3/) CP(23,7,9,3) 
Diff=(i, 0,0,0) 


6 


29 


z^'x + x^y + z'^y^ 


t"^; + ff(«,a:,j/) CP(18,11,14,5) 
Diff = 


5 


30 


z'^x + x^y + z'^y'^ 


t« + s(a:,x,j/) CP(43, 13, 17,5) 
Diff=(i, 0,0,0) 


10 


31 


z'^x + a;-' J/ + t-ij"- 
n = 4; 6 


i^z + g{z, X, y) C P(7n - 1, 4n + 1, 6n - 4, 11) 
Diff = 


5,11 


32 


i < l&j < 2 


t2 + 5(z,a;,y) CP(11,4,3,3) 
Diff=(i, 0,0,0) 


6 


33 


z^'x + x^y + y" 


tz + g{z, X, y) C P(53, 19, 15, 12) 
Diff=(i, 0,0,0) 


24 


34 


z'^x + x'^y" + y' 


t« + g(;?,x,j/) CP(47, 16, 15,9) 
Diff=(i, 0,0,0) 


18 


35 


z'^x + a;^?/^ + z^y^ 


tz + g(z,x,y) CP(23, 8, 7, 5) 
Diff=(i, 0,0,0) 


10 


36 


z-'x + x-'y^ + ty" 


i^z + z-'x + x'y + ty' C P(13, 9, 8, 11) 
Diff=(0, 0,0,1) 


11 


37 


z^x + tx^ + y" 
n = 5; 6 


t^z + z-^x + tx'-^ + yC P(7, 5, 4, 19) 
P(7,5,4),Diff=(0,0,0,^) 


5,19 


38 


z^'x + tx'^y + y" 


t^z + g{z, x, y) C P(29, 20, 18, 13) 
Diff = 


9 


39 


z*y + + 


tz + z'^y + a: + y" C P(13, 5, 18, 3) 
P(13,5,3), Diff=(i, 0,1,0) 


30 


40 


z'^y + x^ + zxy^ 


te + 5(2;,a;,2/) CP(29,11,8,7) 
Diff=(i, 0,0,0) 


14 


41 


z'^y + z^'x'' + azxy'^ + 


t2 + 5(2,a;,y) CP(13,5,4,3) 
Diff=(i, 0,0,0) 


6 


42 


z^y + ta;3 + j/" 

n = 5; 6 


t^z + g{z, x^l^, y) C P(2n + 1, 2n - 2, 4n - 1, 6) 

Diff=(0, 0,1,0) 


6,9 


43 


z-'x^ + x'y^ f5-i-j(x,y) 
i < l&i < 2 


tz + g{z,x,y) C P(7, 3, 2, 2) 
Diff=(i, 0,0,0) 


4 


44 


+ a:'" + azxy' + by'' 


tz + z^x'-' + x^ + azxy + by'' C P(7, 3, 2, 5) 
Diff=(i, 0,0,1) 


10 


45 


z^'x'' + x^ + xy" 


tz + z^x^ +x'' + xyC P(7, 3, 2, 8) 
Diff=(i, 0,0,1) 


16 


46 


z-'x^ + + ty" 


i^z + z^x^ + + fy C P(7, 6, 4, 13) 
Diff=(0, 0,0,1) 


13 


47 


z''x'' + x'^y + azxy'' + by'' 


te + s(2,x,y) CP(17, 7,5,4) 
Diff=(i, 0,0,0) 


8 


48 


z^x^ +x*?/ + f!y* 


t'^z + z^x + T-'i/ + tif C F(ll. 9, 13, 5) 
Ditt = ((),0, ^,0) 


10 


49 


z'-x^ + x-'y'- + J/' 


tz + g{z,x,y) C P(31, 11, 10,6) 
Diff=(i, 0,0,0) 


12 


50 


z'^x'' + x'^y'' + oz'^j/^ + bxy" 


tz + g{z,x, y) C P(19, 7,6,4) 
Diff=(i, 0,0,0) 


8 


51 


z^x'' + x^y^ + ty" 


i^z + z^x'^ + x'-'y + ty^ C P(8, 6, 5, 7) 


7 
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Diff=(0,0,0,i) 




52 


z^x^ + tx^y + J/" 
n = 5; 7 


t'^z + g{z, x^'^,y) C P(2n - 1, n + 2, 3n - 4, 5) 
Diff=(0,0, i,0) 


6,10 


53 


z^x'' + te^j/ + y** 


t"0 + 5(0,x,y) CP(11,8,7,5) 
Diff = 


5 


54 


z^'a;^ + tx^'y + xj/*' 


t^« + 5(«,x,3/) CP(17, 12,11,7) 
Diff = 


7 


55 


z^j/^ + x"" + 2/" 
n = 7;9 


tz + z^y-' + X + t/" C P(n + 2, n - 2, 2n, 2) 
P(n + 2,n-2,3), Diff=(l, 0, |, 0) 


15,20 


56 


2^2/'' + a;'' + azj/'' + ftj/** 


t« + z'-'y^ + X + 022/'" + hy" C P(5, 3, 8, 1) 
P(5,3,l), Diff=(i, 0,1,0) 


10 


57 


^I'^y'' + a;'' + xy" 
n = 5; 7 


tz + g{z, X, t/) C P(5'/'i + 8, 5n - 8, 2n, 8) 
Diff=(i, 0,0,0) 


11,16 


58 


z^y'' + x'' + ox^'j/^ + hxy° 


t2 + 5(0,x,y) CP(19,11,6,4) 

Diff=(i, 0,0,0) 


8 


59 


z^y^ + x'' + azxiy" + &x^i/* 


t2 + 5(z,x,2y) CP(13,7,4,3) 
Diff=(i, 0,0,0) 


6 


60 


+ x" + x^j/'^ 


tz + g{z, X, y) C P(31, 19, 10, 6) 
Diff=(i, 0,0,0) 


12 


61 


^I'^y^ + x" + ty" 


i^z + z^y'' + x + ty'' C P(7, 8, 22, 3) 
P(7,8,3), Diff=(0,0, i,0) 


11 


62 


z^y^ + x'' + iy" 


i^z + z^y + x + ty"" C P(4, 5. 13, 3) 
P(4,5,3), Diff=(0,0,|,i) 


15 


63 


z'^y'^ + x^ + txy'' 


i^z + g(z,x,y) C P(23, 24, 14, 11) 
Diff = 


7 


64 


z'^y'' + x" + txy" 


i'^z + z''y + x"" + txy'' C P(14, 17, 9, 11) 
Diff=(0,0,0,i) 


11 


65 


z^y" + x" + te'^j/^ 


ez + z^y + x'' + tx^y C P(8, 9, 5, 7) 
Diff=(0,0,0,i) 


7 


66 


^''xj/ + xV /5-i-3 (k, J/) 

* < i&i < 1 


t0 + ff(2,x,y) CP(7,3,2,2) 
Diff=(i, 0,0,0) 


4 


67 


z^xy + x" + ;y" 
n = 6: 7 


tz + g{z, X, y) C P(6n + 5, An - 5, 2n, 10) 
Diff=(i, 0,0,0) 


8,20 


68 


«^xj/ + x'' + ty"* 


i"2; + ff(«,x,2/) CP(29,27,17, 14) 
Diff = 


7 


69 


z^x + x\x + y^^y }i-r-j{xy) 
i < 2&i < 3 


t« + 5(2,x,y^/-^) CP(5,3,2,2) 
Difr=(i, 0,0,1) 


4 


70 


z-'x + X* + 
n = 5; 7; 9; 11; 13, 15 


tz + z^x + x'' + yC P(5, 3, 2, 8) 
P(5,3,2), Diff=(i,0,0,^) 


5,7,10 
11,16 


71 


«^x + X* + ax^y" + 
n = 3 6 / 0; 5, 7 


tz + z^x + X* + ax^'y + hy^ C P(5, 3, 2, 4) 
Diff=(i,0,0,^) 


3,8 


72 


z'x + azx\x + yyy"'+'-f2-i-j-u 
(x, + a;'(x + y^)" f4-i-n{x,y^) 
(i = 0||/ < l)&(j = 0||n < 2) 


te + 5(2;,x,2/) CP(5,3,2,1) 
Diff=(i, 0,0,0) 


2 


73 


z^x + X* + ty" 
n = 4, 5; 6; 7; 8, 9, 10 


t^z + z^x + X* + C P(5, 6, 4, 11) 
Diff=(0,0,0,2^) 


5,6,7 
11 


74 


z^x + X* + ixj/" 
n = 4, 5, 6 


i^z + a^x + x" + txy C P(5, 6, 4, 7) 
Diff=(0,0,0,2^) 


7 
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74 
(2) 


z'-x + zfz{x,y) + ff,{x,y) 


t2 + 5(2;,a;,3/) CP(3,2,1,1) 
Diff=(i, 0,0,0) 


2 


75 
(3) 


z^x + zx'-^ + + atej/" + hy^" 
n = 3 b / 0;5 


t^2 + 3(2,a.,2yi/") CP(3,4,2,5) 
Diff=(0,0,0,2-i) 


3,5 


76 
(3) 


z^a; + zx'^ + a;^ + ?/" 
n = 7;9 


t« + z'-x + za;-" + a;"" + y C P(3, 2, 1, 5) 
P(3,2, 1), Diff=(l,0,0,2^) 


7,10 


77 

(3) 


z'^x + za;^ + + fiy" 
n = 4*; 5; 6 


+ z^x + 2a:'' + x-' + ty C P(3, 4, 2, 7) 
Diff=(0,0,0,2-i) 


4,5,7 


78 


2:^ a; + x^y + y" 
n = 6;8;10; 12 


tz + 5(2;, X, y) C P(5n - 1, 3n + 1, 2n - 2, 8) 
Diff=(i, 0,0,0) 


7,10,12 
16 


79 


z^x + x^y + ax^y"+' + by'"^+' 
n = 3 & 7^ 0; 5 


tz + g{z, X, y) C P(5n + 2, 3n + 2, 2n, 4) 
Diff=(i, 0,0,0) 


4,8 


80 


z^x + x^x + yyy}i-i-j{x,y^) 
i < 2&:j < 3 


te + ff(2;,a:,2/) CP(11,7,4,2) 
Diff=(i, 0,0,0) 


4 


81 


z'-'x + x'^y + tj/" 
n = 4; 5; 6; 7,8 


i^z + g{z,x,y) C P(5n - 1, 6n + 1, 4n - 3, 11) 
Diff = 


5,6,7 
11 


82 


z''x + x*y + txy^ 

n = 4,5 


+ x, y) C P(5n - 2, 6n - 1, An - 3, 7) 
Diff = 


7 


83 


2^a; + a:'(a- + yY y'^ f(,.i.,.k[x,y) 
i < Ikj < 2kk < 2 


te + 5(2,a;,j/) CP(7,5,2,2) 
Diff=(i, 0,0,0) 


4 


84 




tz + z^x + ,-/;" + :y C F(7. 5. 2. 12) 
P(7. 5.2), Ditt = (i,(),0, f) 


8 


85 


z''x + a;" + a;^j/^ 


i2 + z''x + + a;''?/ C P(7, 5, 2, 8) 
Diff=(i,0,0,i) 


16 


86 


z^'a; + + ty*" 


t'^z + z'^x + x" + ty C P(7, 10, 4, 17) 
Diff=(0,0,0, 1) 


10 


87 


z^'a: + a;** + tey* 


t^'z + z^x + x" + txy C P(7, 10, 4, 13) 
Diff=(0, 0,0,1) 


13 


88 


z'^x + a;*"?/ + J/" 
n = 7;8 


tz + g{z, x, y) C P(6n - 1, 4n + 1, 2n - 2, 10) 
Diff=(i,0,0, 0) 


8,10 


89 


z^x + a;""?/ + ty" 


i^z + g{z, X, y) C P(29, 41, 17, 14) 
Diff = 


7 


90 


z^a; + x^j/" + J/" 
n = 7;9 


tz + g{z, X, y) C P(5n - 2, 3n + 2, 2n - 4, 8) 
Diff=(i, 0,0,0) 


11,16 


91 


^''a; + a;*?/'' + ax'^y'' + by'' 


t« + Sr(z,a;,j/) CP(19, 13,6,4) 
Diff=(i, 0,0,0) 


8 


92 


z^x + x^y^ + ty" 


i^z + g(z, X, y) C P(23, 32, 14, 11) 
Diff = 


7 


93 


2;^a; + s^j/^ + ty" 


i-'z + z^x + x'^y + ty" C P(14, 19, 9, 11) 
Diff=(0,0,0, i) 


11 


94 


2:'' a; + x'^y^ + tey"' 


i^z + z-'x + x^y + txy^ C P(8, 11, 5, 7) 
Diff=(0,0,0, i) 


7 


95 


z^a: + tx"" + ?/" 
n = 5; 6; 7; 8; 9; 10; 11, 12 


t^z + z^x + tx-' + yC P(4, 5, 3, 13) 

P(4,5,3), Diff=(0,0,0,2^) 


5,6,7,8 

9,10,13 


96 


z^x + tx-^ +a:^y" 
n = 5, 6 


i^z + z^x + tx'^ + x^y C P(4, 5, 3, 7) 
Diff=(0,0,0,2-i) 


7 


97 


2^a; + tx'^ + 2/" 
n = 6; 7; 8 


i^z + z^x + tx'' + yC P(5, 7, 3, 17) 
P(5,7,3), Diff=(0,0,0,^) 


6,7,17 



99 



98 


z^'x + te* + x'-y'' 


i^z + z-'x + ta;* + a;^?/ C P(5, 7, 3, 11) 
Diff=(0, 0,0,1) 


11 


99 


z^x + tx-^y + 
u = 6; 7; 8; 9 


i^z + 5r(«, a:, y) C P(4n - 1, 5n + 2, 3n - 4, 13) 
Diff = 


7,9,10 
13 


100 


z^x + tx-^y + x^y" 


t"z + ff(«,a;,j/) CP(17,23,11,7) 
Diff = 


7 


101 


z^y + x'' +y"- 
n = 6;8; 12; 14 


+ z''?/ + a; + I/" C P(n + 1, n - 1, 2n, 2) 
P(n+l,n-l,2), Diff=(i, 0,1,0) 


8,10,16 
20 


102 


z^y + x" + ty'^iaz + 62/^"-^)+ 
czy'^" +dy'^"'\n = 2,3 


t^z + x^'^,y) C P(n, 2n - 1, 4n - 1, 1) 
P(n,2n-l,l), Diff=(0,0, |,0) 


5 


103 


z'^y + x'^ + azy" + 
n = 5; 7 


t« + 5(z,a:^/^,y) C P(n,n - l,2n - 1, 1) 
P(n,n-l,l), Difr=(i, 0,1,0) 


6,10 


104 


z-'y + x\x + yyf5-i-j{x, y^) 
i < 3&j < 3 


te + s(^;,a;,j/) CP(11,9,4,2) 
DifF=(i, 0,0,0) 


4 


105 


z''y + x^ + xy"- 
n = 5;7; 9; 11 


tz + g{z,x, y) C P(5n + 4, 5n - 4, 2n, 8) 
Diff=(i, 0,0,0) 


6,11,12 
16 


106 


z'-'y + + ax^'y" + bxy'^"" 
n = 3 b ^ 0; 5 


t2 + g{z, x, y) C P(5n + 2, 5n - 2, 2n, 4) 
Diff=(i, 0,0,0) 


4,8 


107 


z^'y + x'^ +x'^y'^ 
n = 4; 8 


tz + 3(2, a:, y) C P(5n + 3, 5n - 3, 2n, 6) 
Difr=(i, 0,0,0) 


7,12 


108 


z^'y + atx'^y + bx^ + cty" + dzxy'^ 
+ea;V, |c| + \d\ + |e| ^ 


t-'2; + s(«,a;,t/) CP(7,11,5,3) 
Diff = 


3 


109 


z''y + a;" + azxy'^ + bx''y' 


tz + g{z,x,y) C P(19, 16,7,3) 
Difr=(i, 0,0,0) 


6 


110 


z^y + x'" + ty" 
n = 4:; 7; 9, 10 


+ z'-y + X + ty"" C P(n + 1, 2ri - 1, 4n + 1, 3) 
P(n + l,2n- 1,3), Diff=(0, 0, |, 0) 


5,10,15 


111 


z''y + x^ + txy" 
n = 3, 4; 5; 6, 7 


i^z + g{z, X, y) C P(5n + 4, lOri - 3, 4n + 1, 11) 
Diff = 


6,7,11 


112 


z-'y + r' + f.T^i/" 
/) = ■■>,, 1 


+ (7(z. X, y) C P(5'n + 3. lOr; - 1, An + 1. 7) 
Diff = 


7 


113 


z^y + x^ -\- ty\az + by^) + czy'^+ 
dy' 


i^z + g{z,x^'*'',y) C P(2, 3, 7, 1) 
P(2,3,l), Diff=(0, 0,1,0) 


6 


114 


z^y + a;** + ax^'y" + by'' 


tz + z^y + x^ + axy" + by"" C P(9, 7, 8, 2) 
Diff=(i, 0,1,0) 


12 


115 


z-'y + x^ + xy" 

n = 6;7 


tz + g{z, X, y) C P(6n + 5, 6n - 5, 2n, 10) 
Diff=(i, 0,0,0) 


8,20 


116 


z-'y + ,'r'' + azxy'^ + bx'' y'' 


tz + g(z,x. y) C P(17. 13. 5,4) 
l)itf=(7, 1), (),()) 


8 


117 


z'y + a;*' + tt/*^ 


i-'z + z^y + X + ty" C P(7, 11, 25, 3) 
P(7,ll,3), Diff=(0, 0,1,0) 


18 


118 


a;''?/ + a;** + ia;?/* 


i^« + g(«,a;,y) CP(29,44, 17, 14) 
Diff = 


7 


119 


z-'y + a;** + te^y^ 


i^z + z-'y + a;^ + txy" C P(ll, 17, 13, 5) 
Diff=(0,0, i,0) 


10 


120 


z^y + tx" + y" 
n = 6; 8; 10 


t-'z + z^y + tx + y" C P(n + 1, 2n - 2, 3n - 1, 4) 
Diff=(0, 0,1,0) 


8,12,16 


121 


z^y + te" + ty^(az + by'^) + czy^ + 
da;V + ej/Ma| + |6| + |c| + le| / 


t'^z + g{z,x^''^, y) C P(2, 3, 5, 1) 
Diff=(0,0,|,0) 


4 
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122 


z^y + tx" + azy" + by" 


i^z + 2^1/ + ta; + aay" + fej/"* C P(5, 8, 13, 2) 
Diff=(0,0,|,0) 


8 


123 


z-'y + te* + xy" 
n = 5; 6, 7; 8 


t'^z + g{z, X, y) C P(4n + 3, 8n - 7, 3n - 1, 13) 
Diflt = 


7,10,13 


124 


2^2/ + tx'^ + x^y"^ 
n = 4; 6 


t'^z + g{z, x^'^,y) C P(2n + 1, 4n - 3, 3n - 1, 5) 
Diff=(0,0,i,0) 


6,10 


125 


z^y + tx'^ + azxy^ + ftx^y*' 


t^2; + Sr(2,a:,y) CP(11,17,7,5) 
Diff = 


5 


126 


z-'y + te* + x^y" 


t"2 + ff(z,x,t/) CP(17, 27,11,7) 
Diff = 


7 



(1) The singularity is f^z + z'-x^ f4-i-j{x,y'^) + az^x^y'^ f2-k-l{x,y) + by^. The 
exceptionahty condition is 

(j = o||fc = o)& ((6^o& o-,;<2)) II (6 = o&o-,;<i))) 

(2) There are three cases. A). The singularity is t^z + z'^x + azx^y^~^^{x + 
yY f2-i-j-k{x,y) + .x*My(.T + ?/)''i/4_ji_fci(a;,y). The exceptionality condition is 
{i = 0||ii = 0)&(fc = 0||fci < 1). 

B) . The singularity is t^z + z^x + zx^ + azx^y^^^(x + y)'' f2-i-j-k{x,y) + 
}}x^iyh+^(^x + y)'^i/4_ij_jj_fej(a;, y). The exceptionality condition is (i = || ii = 
0) & (ii < 2 & fci < 3 & ii < 3). 

C) . The singularity is t^z + z^x + zx^ + ax^ + bzx^y^~^^{x + y)^ f2-i-j-k{x, y) + 
cx^i yh+'i- (^x + y)''^ f4-i^-j^-ki{x,y), where a ^ 0. The exceptionality condition is 
(i = II ii = 0) & < 3. 

(3) . The following notation z'^x + zx^ + x^ means one of the following polyno- 
mials: z'^x + zx^\ z^x + zx^ + ax^ , where a^\\ x{z + a;^)^. The symbol (*) means 
that the third case is impossible. 



16. Singularity - t^x + g{t^ z, x, y) 



1 


z'^ + x-^y + t/" 
n = 5;9 


t^a; + g{z^''\x, y) C P(2n + 1, 3n, 2n - 2, 6) 
Diff=(0,i,0,0) 


3,12 


2 


z" + x^'y + az-'y' + 


i^x + 5(2, a;, y) C P(13, 9, 10, 6) 
Diff = 


3 


3 


z'* + x'-yfs-iix, y^) + aiz^y 


Px + 5(^''",a;,y) CP(5,7,4,2) 
Diff=(0, 1,0,0) 


4 


4 


z74-«(2,y") 
i < 2 


tx + g{z,x,y) CP(17,6, 7, 3) 
Diff=(i, 0,0,0) 


6 


5 


2* + x-'y + zy" 
n = 4;5;7 


tx + g{z, X, y) C P(8n + 3, 3n, An - 3, 9) 
Diff=(l, 0,0,0) 


5,6,18 


6 


z'^ + x^y + zxy'^ 


tx + g{z,x,y) C P(33, 11, 13, 5) 
Diff=(i, 0,0,0) 


10 


7 


z" + X^J/ + tj/" 

n = 3: 4; 5; 6 


i^x + 2 + x^j/ + ty" C P(2n + 1, 6n + 1, 2n - 1, 4) 
P(2n+l,2n-l,4), Diff=(0, |, 0, 0) 


4,5,9 
16 


8 


2* + x-^y + tzy" 
n = 2, 3 


t^x + g{z, X, y) C P(8n + 3, 6n + 1, 8n - 2, 10) 
Diff = 


5 


9 


2" + x'y^ f5-i-j{x,y) + aty'^ 
(a^0||i = 0)&j<2 


^"x + 5(2^/^a;,2/) CP(2,5,1,1) 
P(2,l,l),Diff=(0, 2,0,0) 


4 


10 


2* + az'^j/^ + hy" + a" 


t-^x + 2^ + azy + hy^ + x" d P(4, 5, 2, 5) 


10 
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Diff=(0,i,0,|) 




11 




i^x + z* + a;" + 2y C P(8, 5, 4, 15) 
Diff=(0, 0,0,1) 


5 


12 


+ oa;® + tzy^ + czx^y^ 


t^x + 5(2,a;,yi''^) CP(8,5,4,7) 
Diff=(0,0,0,i) 


7 


13 


z* + a^;''?/^ + by** + dx*y + czx-'y^ 

\a\ + |6| / 


te + 3(«,x,y) CP(19,6,5,4) 

Diff=(i, 0,0,0) 


8 


14 


+ x-*;y + ty* 


t^x + z + x^y + ty" C P(13, 33, 7, 5) 
P(13,7, 5), Diff=(0, 1,0,0) 


20 


15 


+ a;^?/' + + 


^'a; + 5(z^/^a■,y) CP(7,9,4,3) 
Diff=(0, 5,0,0) 


6 


16 


+ x^'y' + J/' 


t'^a; + z + a:''y^ +y' C P(8, 21, 5, 3) 
P(8,5,3),Diff=(0,|,0,0) 


12 


17 


+ x^y"^ + aty" + hxy^ 


t'^x + g{z^''^, X, y) C P(10, 13, 6, 4) 
Difr=(0,i,0,0) 


8 


18 


z'^ + .T^y^ + zy" 
n = 4; 5 


i''x + g{z, X, y) C P(4n + 3, 3n, 4n - 6, 9) 
Diflf = 


5,9 


19 


+ x-^y^ + izy^ + 


t"a; + ff(2,a;,y) CP(11,7,6,5) 
Diff = 


5 


20 


z'^ + zx'^j/ + 
n = 5;7;9;ll 


tx + g{z, X, y) C P(5n + 4, 2n, 3n - 4, 8) 
Diff=(i, 0,0,0) 


6,10,12 
16 


21 


z" + 2a:''j/ + az^y" + fey''" 

n = 3 6 / 0;5 


ta; + g{z, x, y) C P(5n + 2, 2n, 3n - 2, 4) 

Diff=(i, 0,0,0) 


4,8 


22 


2'/4-i(-z, y^) + + ax'^y^ 
(a = O&i < 2)|l(a / O&i < 3) 


ta; + (;(z,a;,y) CP(11,4,5,2) 
Diff=(l, 0,0,0) 


4 


23 


2* + zx^y + ty" 
n = 3, 4; 5; 6, 7 


i'^x + sf(z, a;, y) C P(5n + 4, 4n + 1, 6n - 4, 11) 
Diff = 


5,7,11 


24 


z" + «a;^y + t2;y" 
n = 3,4 


i'^a; + g{z, x, y) C P(5n + 3, 4n + 1, 6n - 2, 7) 
Diff = 


7 


25 


+ a«^y^ + by" + zx" 


te + z* + oz^'y + + za;* C P(13, 4, 3, 8) 

Diff=(i, 0,0,1) 


16 


26 


z"^ + za;* + tzy^ 


i^x + z* + zx" + tzy C P(13, 8, 6, 11) 
Diff=(0,0,0,i) 


11 


27 


z" + az^y^ + by" + zx^y 


ta; + s(z,a;,y) CP(29,9,7,6) 
Diff=(i, 0,0,0) 


12 


28 


2* + zx'^y'' + y' 


tx + g{z, X, y) C P(43, 14, 13, 8) 
Diff=(i, 0,0,0) 


16 


29 


z* + zx-'y'' + ty" 


i^x + z* + za;^y + ty'^ C P(14, 9, 8, 11) 

Diff=(0,0,0,i) 


11 


30 


z^y + x-' + y" 
n = 6;8 


t^x + g{z^''\x, y) C P(2n, 5n - 5, n, 5) 
Diff=(0, 2,0,0) 


9,12 


31 


z^y + x'' + ty" + bx'Y 


t"a; + 5(z"''^a:,y) CP(8,17,4,3) 
Diff=(0, 1,0,0) 


6 


32 
(1) 


z^y + z^x'' + y^) + zx''y^+ 
zy^ + x^y + x^y* + y^ 


te + y(z,a;,y) CP(11,4,3,2) 
Diff=(i, 0,0,0) 


4 


34 


z'yh-i{z,y')+x'- 


tx + g{z, X, y) C P(35, 12, 7, 6) 
Diff=(i, 0,0,0) 


12 


35 


z^y + x" + x^y" 


te + zy + x'^ + x^y" C P(25, 26, 5, 4) 


24 
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Diff=(i, 2,0,0) 




36 


z-'y + x'' + zxy" 


+ g{z,x, y) C P(55, 19, 11, 9) 
Diff=(i, 0,0,0) 


18 


37 


z^'y + a;** + ty" 


t^x + zy + x'' + ty* C P(20, 41, 8, 7) 
Diff=(0, 2,0,0) 


12 


38 


z^y + a;** + tzy^ 


t^x + g{z, X, y) C P(25, 17, 10, 9) 
Difr = 


9 


39 


z''yf3-i{z,y^) +ax'^y^ +bzx^ 
i < 2 


tx + g{z,x,y) C P(23,8,5,4) 
Diff=(i, 0,0,0) 


8 


40 


z y + x y f2-i{x ,y ) 
i < 1 


^a; + s(z^/^x,y) CP(13, 14,3,2) 
Diff=(i, 2,0,0) 


12 


41 


z^y + x^y^ + y" 


tx + zy + x^y^ +y'' C P(29, 32, 7, 4) 
Diff=(i, 2,0,0) 


24 


42 


z^y + a;*2/^ + zxy'^ 


ta; + ff(2,x,y) CP(31,11,7,5) 

Diff=(i, 0,0,0) 


10 


43 


z-'y + x^y'+ty^ 
n = 4; 5 


i^x + g{z'^'''', X, y) C P(37'i + 2, 8n - 3, 2n - 2, 5) 
Diff=(0, 2,0,0) 


9,15 


44 


z'^y + x'^y-'+tzy'' 


i^x + g{z, X, y) C P(19, 13, 8, 7) 
Diff = 


7 


45 


z^y + zx" + J/" 
n = 6;8 


tx + g(z, X, 2/) C P(10n - 1, 4n - 4, 2n + 1, 12) 
Diff=(i, 0,0,0) 


8,24 


46 


z^'y + z'-'x^ + y" 

n = 5;9 


tx + g{z, X, y) C P(5n - 2, 2n - 2, n + 2, 6) 
Diff=(i, 0,0,0) 


6,12 


47 


z'''y + z''x'' + atzy'' + bzxy''+ 
cj?y^ + d/, d 7^ 0||(fea / 0||ac / 0) 


t"a; + 5(«,a;,j/) CP(7,5,4, 3) 
DifT = 


3 


48 


z^y + z^x^ + azxy"" + &a;^2/^+ 
c/, |a| + |c| / 


tx + g{z,x, y) C P(19,7,5,3) 
Diff=(i, 0,0,0) 


6 


49 


+ z'-x^ + 021/"+' + fta;''?/" 
n = 3 a6 ^ 0; 5 


tx + g{z, X, y) C P(5n + 2, 2n, n + 2, 4) 
Diff=(i, 0,0,0) 


4,8 


50 


z'^y + z^x^ + ty" 
n = 4;5 


i^x + g{z, X, y) C P(5n - 2, 4n - 3, 2n + 2, 7) 
DifF = 


5,7 



(1) There arc two cases. The common exceptionahty condition is |6| + \l\ ^ 0. 
A). The singularity is t^x + z^y + z'^x^ + azx'^y^ + bzy^ + cx'^y + dx'^y'^ + ly"^ . 
B). The singularity is t'^x + z^y + x^y + az'^x'^ + czx'^y'^ + bzy^ + dx'^y'^ + ly"^ . 



17. Singularity - t^y + g(t, z, x, y) 



1 


z'' + x'' + az'y' ^hy*" 


+ + a; + az^y" + by" C P(5, 3, 12, 2) 
P(5,3,2), Difr=(0, 0,1,0) 


6 


2 


n = 3;4 


t^y + z + x + y^"+' CP(n,2n+l,2n + l,l) 
P(n,2n + l,l), Diff=(0,|,|,0) 


16,20 


3 


U{z,y') + x^ 


tj/ + /4(z,y')+a^cP(7,2,8,l) 
P(7,2,l), Difr=(i,0,|,0) 


10 


4 


z" + 3^' + xy" 
n = 5;7 


i^y + g{z^''^,x, y) C P(5n - 4, 5n, 2n, 8) 

Difr=(o, i,o,o) 


12,16 


5 


z'^x^'^'h-^{:■^\y') 


t'y + g{z^/'\x,y)<zn^i, 15,6,4) 

Difr=(o, i,o,o) 


8 


6 


2* + ,t" + az^xy^ + 6,-j;^;i/* + 
czy ' + dzx'''!j, \a\ + \b\ + \c:\ ^ 


ty + qi- T y) C P(17.5.4,3) 
Difi = (i. 0.0,0) 


6 
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7 


z'^ + x" + x^y" 


t^y + 2 + x"" + x^y" C P(ll, 25, 5, 3) 
P(ll,5,3),Diff=(0, 1,0,0) 


12 


8 


2* + + zy" 
n = 4;7 


+ 2* + X + 22/" C P(4n - 3, n, 4n, 3) 
P(4n-3,n, 3), Diff=(i, 0, |, 0) 


10,30 


9 


+ a;'' + zxy" 
n = 3;4;5 


ty + ^(2, X, J/) C P(20n - 11, 5n, 4n, 11) 
Diff=(i, 0,0,0) 


6,18,22 


10 


2* + a;'' + zx^^j/" 
n = 2;3 


tj/ + g{z,x, y) C P(20n - 7, 5n, 4n, 7) 
Difr=(i, 0,0,0) 


10,14 


11 


z" + zx" + az^y'' + by" 


t''y + z'' + zx + az^y" + by" C P(5, 3, 9, 2) 

Difr=(o,o,|,o) 


8 


12 


z" + zx" + y' 


t^y + z* + zx + y ' C P(12, 7, 21, 4) 
Difr=(0, 0,1,0) 


16 


13 


+ Zj:" + 
11 = 5: G 


ty + g(z. X. y) C P(16r; - 13. 4r). 3n. 13) 
Ditt = (i, 0,0,0) 


10.26 


14 


2** + 2a;'* + x^y' 


it/ + 5(2,x,j/) CP(41,12,9, 7) 
Diff=(i, 0,0,0) 


14 


15 


z-^x + x^ + azx^'y" + by^" 
n = 2b^0;4 


ty + g{z,x,y) C P(15n - 5,4n,3n, 5) 

Difr=(|, 0,0,0) 


4,10 


16 


z^x + x'' + y^"+' 
n = 3; 5 


t^y + g{z^''^, X, y) C P(5n, 8n + 4, 2n + 1, 5) 
Diff=(0, §,0,0) 


7,15 


17 


2^a; + x^ + y"' 
n = 8; 14 


ty + g{z^'^, X, y) C P(5n - 5, An, n, 5) 
DifF=(i, 2,0,0) 


15,30 


18 


2 X + a; Jr,-i[x,y ) + az y 
a ^ 0\\i < 3 


^^/ + 5(2^/^x,^/) cP(9,8,2, i) 

Difr=(i, 2,0,0) 


6 


19 


2^a; + a;^ + a;^j/" 

n = 4;8 


tj/ + g{z^^'-^, X, y) C P(5n - 3, An, n, 3) 
Diff=(i, 2,0,0) 


10,18 


20 


2''' a- + a:^ + x^'y" 


i^y + ZX + x" + x^y' C P(ll, 20, 5, 3) 
Difr=(0, 2,0,0) 


9 


21 


z-^x + a;'' + 2j/" 
n = 4;6;8; 10 


ty + g{z, X, y) C P(15n - 11, An, 3n, 11) 
Diff=(i, 0,0,0) 


7,14,16 
22 


22 


2^ a; + + zy' 


i^y + 5(2,x,y) CP(47,28,21,11) 
Diff = 


11 


23 


z'^x + x'' + 2''j/^ 


t^y + 3(2,x,y) CP(19,12,9,7) 
Diff = 


6 


24 


2"'x + a--'' + 2^y" 
n = 4; 6 


ty + g{z, X, y) C P(15n - 7, 4n, 3n, 7) 
Diff=(i, 0,0,0) 


12,14 


25 




i'y + zx + x" + y' C P(18. 35. 7, 6) 
l)itt = (0, 2.0,0) 


9 


26 


2^x + X® + ox^y" + 


ty + g{z'/\x,y)c¥{2l,2Q,A,3) 
Diff=(i, 2,0,0) 


18 


27 


2^x + x" + x^y" 


t'-'y + 2X + x" + x^y'^ C P(13, 25, 5, 4) 
Diff=(0, 2,0,0) 


12 


28 


3 1 b 1 n 
2 X + X + 2J/ 

n = 5; 6 


ty + g{z,x,y) C P(18n - 13, 5n, 3n, 13) 
Diff=(i, 0,0,0) 


10,26 


29 


3 1 t> 1 2 3 
2 + X + 2,T 1/ 


t)/ + g(z. X. y) C P(47. 15, 9, 7) 
Ditt = (i, 0,0,0) 


14 


30 


2^X + X" + 2''j/^ 


i"y + ff(2,x,y) CP(23,15,9,8) 
Diff = 


8 
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31 


z'^x + zx^ + t/" 


iy + 5(0,x,y) CP(77, 24, 16,11) 
Diff=(i, 0,0,0) 


16 


32 


a^x + zx* + x'^y" 
ri = 4; 6 


+ X, y) C P(lln - 7, 3n, 2n, 7) 
Difr=(i, 0,0,0) 


8,14 


33 


z-^x + zx" + X^J/* 


ti/ + 5(z,x,j/) CP(39, 12,8,5) 
Diff=(i, 0,0,0) 


10 


34 


z^x + tx^ + 
n = 6; 10 


t^y + X, y) C P(3n - 3, 5n - 1, n + 1, 6) 
Difr=(0, §,0,0) 


9,18 


35 


2^X + tx^ + OX^J/^ + 

&/0 


^"^/ + 5(;^^/^x,;y) CP(9,17,4,3) 
Difr=(0, 1,0,0) 


6 


36 


z^x + tx'^ + ax**!/^ + bx^y^ + 
aif, \b\ + |c| 7^ 


^^J/ + p(2^/^x,y) CP(7,13,3,2) 

Difr=(o, |,o,o) 


6 


37 


z'^x + tx^ + az^y'^ + bzx'^y+ 
cxV, |a| + Icl 7^ 


t"2/ + Sf(«,x,2/) CP(11,7,5,4) 
DifF = 


4 


38 


z^x + tx'-^ + x^y^ 


^^^/ + ff(^^/^x,y) CP(17,31,7,4) 

Difr=(o, 1,0,0) 


12 


39 


«^x + tx^ + 

n = 4;6 


t'^y + g{z, X, J/) C P(9n - 7, 5n - 1, 3n + 2, 13) 
Diff = 


7,10 


40 


z^x + tx* + 2^2/" 


t"t/ + 5(2,x,t/) CP(31,19, 13,8) 
Diff = 


8 
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